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VOLATILITY COMPONENTS:
THE TERM STRUCTURE

DYNAMICS OF VIX FUTURES

ZHONGJIN LU
YINGZI ZHU*

In this study we empirically study the variance term structure using volatility
index (VIX) futures market. We first derive a new pricing framework for VIX
futures, which is convenient to study variance term structure dynamics. We con-
struct five models and use Kalman filter and maximum likelihood method for
model estimations and comparisons. We provide evidence that a third factor is
statistically significant for variance term structure dynamics. We find that our
parameter estimates are robust and helpful to shed light on economic signifi-
cance of variance factor model. © 2009 Wiley Periodicals, Inc. Jrl Fut Mark
30:230–256, 2010

INTRODUCTION

Volatility component models have been proposed and tested in various settings.
Empirical studies provide ample evidence on out-performance of multi-factor
volatility models over one-factor models. Bollerslev and Zhou (2002) use high-
frequency data and find multiple volatility components in foreign exchange
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market returns. Alizadeh, Brandt, and Diebold (2002) use range-based estima-
tor to examine the dynamics of daily exchange rate volatility and find the 
evidence points strongly toward two-factor models with one highly persistent
factor and one quickly mean-reverting factor. Chernov, Ghysels, Gallant, and
Tauchen (2003) consider both loglinear model and affine model in continuous
time setting with long return data of DJIA and find evidence that favors two-
component volatility model. Chacko and Viceira (2003) find multi-factor
volatility model necessary to explain a stylized fact that the persistence in sto-
chastic volatility increases dramatically as the sampling frequency falls.
Christoffersen, Jacobs, Ornthanalai, and Wang (2008) propose a GARCH
option pricing model with long-run and short-run volatility components, which
outperforms the one-factor option pricing model of Heston and Nandi (2000).
Egloff, Leippold, and Wu (2009) study variance term structure using over-the-
counter (OTC) variance swap data, and find that two factors are necessary for
term structure of variance swaps. Li and Zhang (2008) use nonparametric
method to identify the number of factors that are necessary for S&P 500 index
(SPX) options, and find similar results. However, it is not clear how many
components are necessary to characterize variance term structure. In the
extant literature, volatility components are mostly unobserved, and nonlinear
in relation with observable instruments, making identification and estimation
of the unobserved state variables and parameters a very complicated procedure.
As a result, no consensus has been reached as for how many components are
ideal for volatility term structure dynamics and what these components are.

Our study contributes to the existing literature in three ways. First, we are
the first to empirically study the whole term structure of volatility index (VIX)
futures market. Previous studies use either options or OTC variance swaps
data to imply volatility components, e.g., Christoffersen et al. (2008), Egloff 
et al. (2009), and Li and Zhang (2008). We argue that VIX futures market pro-
vides the most direct way to model variance term structure. On the one hand,
options are not pure volatility instruments, hence are afflicted by model mis-
specification and non-synchronization between option and stock price quotes.
On the other hand, VIX futures are exchange traded, with more transparent
price formation mechanism and more reliable price quotes, whereas variance
swaps are OTC instruments.

Second, we propose a new pricing framework for VIX futures. Empirically, the
difficulty with VIX futures is the nonlinear pricing relation with underlying state
variables. Many a study has been devoted to find a tractable pricing formula for
VIX futures. For example, Carr and Wu (2003) and Dupire (2006) use model-free
method to derive approximate analytical solutions. Zhang and Zhu (2006), Lin
(2007), Dotsis, Psychoyios, and Skiadopoulos (2007) apply affine models to derive
the VIX futures pricing formula, which is nonlinear in state variables. Traditionally,
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as pointed out in Chernov et al. (2003), both loglinear model and affine model are
popular in econometrics modelling, and two-factor loglinear model performs as
well as jump-diffusion model. In fact, there is an extensive literature studying log-
linear model, e.g., Scott (1987) and Chacko and Viceira (2003). Historically, affine
jump-diffusion model has been chosen over loglinear model because of its ease of
option pricing. However, our study shows that loglinear model provides a more
convenient pricing framework for VIX futures than affine model.

Third, we provide evidence that a third factor is statistically significant for
variance term structure dynamics. Factor analysis is not only important for risk
management on the volatility risk, but also has important implications from an
asset allocation perspective. A different factor structure could have a significant
impact on hedging demand for volatility (e.g., Zhou & Zhu, 2008). We show that
the addition of the second factor reduces pricing error by 2%; the addition of the
third factor reduces pricing error by 0.6%. How to model VIX futures has been a
hot topic in derivatives research ever since the trading of VIX futures began in
March 2004. A growing number of studies have been devoted to VIX futures
pricing models, but none of them has found a satisfactory model to date. For
example, Zhang and Zhu (2006) use Heston (1993) stochastic volatility model
to test VIX futures price, and find it insufficient to capture the term structure.
Zhu and Zhang (2007) propose a method to link option volatility surface with
the term structure of VIX futures price. However, it is a static model and not
easy to be implemented for empirical study. Lin (2007) and Dotsis et al. (2007)
calibrate various affine jump-diffusion models, and find that none of the models
can price VIX futures term structure sufficiently. The percentage pricing errors
of these models are much larger than those of ours.

It is not only important to answer the question of statistical significance
but also economic significance of factors in variance term structure due to
growing acceptance of volatility as an asset class. For example, Liu and Pan
(2003) use one-factor model to fit daily data and analyze portfolio demand for
short-run volatility. On the other hand, Chacko and Viceira (2005) use a differ-
ent one-factor model to fit monthly data and analyze portfolio demand for long-
run volatility. Egloff et al. (2009) study optimal portfolio choice with a two-factor
model consisting of both short-run and long-run volatility components. Their
results show that optimal portfolio choices are quite different depending on the
number of volatility components. In a unpublished manuscript, Zhou and Zhu
(2008) show that a third factor is indeed economically significant. Intuitively,
an additional factor not only induces additional myopic and hedging demand
but also impacts on estimation of parameters of other factors as well as vari-
ance risk premia. Our analysis demonstrates that different volatility component
specifications lead to different variance risk premia estimations, which, in turn,
impact on optimal portfolio choices.
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The rest of this article is organized as follows. The next section introduces
the loglinear model used in the study. The following section describes the risk-
neutral processes for VIX futures prices, and the linear pricing formula for VIX
futures. The penultimate section presents model results, including estimation
parameters, goodness-of-fit, model comparison, model diagnostics, and vari-
ance risk premia. The last section concludes.

MODEL

Let Vt be instantaneous stock price variance process. And let

(1)

We consider three loglinear principal component models with one, two,
and three independent factors. Specifically, let

with N � 1, 2, 3. Xits are independent Omstein-Uhlenbeck processes defined
as follows:

(2)

with i � 1, 2, 3 and Bit (i � 1, 2, 3) are independent standard Brownian
motions. bis are not all identified due to the additivity of the processes in (2).
Without loss of generality, we assume that bi � 0 for i � 2, 3.

To identify the factors, we construct two additional models, structured
models of two and three factors. In the fourth model Xt follows an OU process
with a stochastic long-term mean, , which follows another OU process. In
addition, we allow short-term shocks to be correlated with long-term shocks.
Model 4 is defined as follows:

(3)

where Bt and Wt are independent standard Brownian motions.
In model 5, Xt follows an OU process with a stochastic mean X2, which in

turn follows another OU process with a stochastic mean X3. Further, we assume
correlation r12 between X1 and X2 and correlation r23 between X2 and X3.

1

Model 5 is defined as follows:

dXt � a2(b2 � Xt) ˛dt � s2(r˛dBt � 21 � r2
˛dWt)

dXt � a1(Xt � Xt) ˛dt � s1˛dBt

Xt

dXit � ai(bi � Xit) ˛dt � si˛dBit

Xt � a
N

i�1
Xit

Xt � logVt.

1Because the inverse of as measure the time reverting to the mean level, and a1 � a2 � a3, intuitively, X1 is
the component that reverts to its mean fastest, and X3 is the component that reverts to its mean slowest.
Hence, it is reasonable to assume the correlation between them to be zero.
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(4)

where Bits are independent standard Brownian motions.

RISK-NEUTRAL MEASURE AND VIX 
FUTURES PRICE

Risk-Neutral Measure

To price VIX futures, we specify risk premium and risk-neutral process for Xt.
The pricing kernel associated with models 1–3 is as follows:

(5)

where lis are market prices of risk. We assume lis to be constant for tractability.
Hence, the risk premium for Vt is proportional to Vt. This specification is simi-
lar to that of affine model (e.g., Zhang and Zhu, 2006). The corresponding risk-
neutral processes are

(6)

with defined as

The risk premium for Vt is as follows:

(7)

The pricing kernel associated with model 4 is as follows:

The risk-neutral process can be written as

(8)
dXt � a2(bQ

2 � Xt) ˛dt � s2(r˛dBQ
t � 21 � r2

˛dWQ
t )

dXt � a1(bQ
1 � Xt � Xt) ˛dt � s1˛dBQ

t

dpt

pt
� �(r˛dt � l1˛dBt � l2˛dWt).

�Et c dpt

pt

dVt

Vt
d � Et c dpt

pt
a aN

i�1
dXib d � a aN

i�1
lisib ˛dt.

bi � bQ
i � lisi.

bQ
i

dXit � ai(b
Q
i � Xit) ˛dt � si˛dBQ

it

dpt

pt
� �ar˛dt � a

N

i�1
li˛dBitb

dX3t � a3(b3 � X3t) ˛dt � s3a r23

21 � r2
12

˛ dB2t � B
1 � r2

12 � r2
23

1 � r2
12

˛ dB3tb
dX2t � a2(X3t � X2t) ˛dt � s2(r12˛dB1t � 21 � r2

12˛dB2t)

dXt � a1(X2t � Xt) ˛dt � s1˛dB1t
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where and are defined as

The risk premium for instantaneous variance Vt is

(9)

The risk-neutral process associated with model 5 is as follows:

(10)

where s are independent standard Brownian motions in risk-neutral meas-
ure. The risk premium for Vt is

(11)

VIX Futures Price

VIX is the implied volatility index. It is defined through a model-free replication
of log contract. For stock price without jumps, it can be written as2

(12)

where . Let Ft(T) be the VIX futures price at time t expiring at T, we
have

(13)

where EQ[�] denotes the expectation under risk-neutral probability. We approx-
imate the arithmetic mean in (13) by the geometric mean, i.e.,

Ft(T) � EQ
t [VIXT] � EQt £BEQT c 1t �T�t

T

eXs˛ds d §
t � 30

365

VIX2
t �

1
t
EQt c � t�t

t

Vs˛ds d

�Et c dpt

pt

dVt

Vt
d � �Et c dpt

pt
˛ dXt d � (�a1b

Q
1 ) ˛dt.

BQ
it

dX3t � a3(bQ
3 � X3t) ˛dt � s3a r23

21 � r2
12

˛ dBQ
2t � B

1 � r2
12 � r2

23

1 � r2
12

˛ dBQ
3tb

dX2t � a2(bQ
2 � X3t � X2t) ˛dt � s2(r12dBQ

1t � 21 � r2
12˛ dBQ

2t)

dXt � a1(bQ
1 � X2t � Xt) ˛dt � s1˛dBQ

1t

�Et c dpt

pt

dVt

Vt
d � �Et c dpt

pt
˛ dXt d � l1s1˛dt.

Et c dpt

pt
˛ dXt d � (a2(b2 � bQ

2 )) ˛dt � (rl1s2 � 21 � r2 l2s2) ˛dt.

Et c dpt

pt
˛ dXt d � (�a1b

Q
1 ) ˛dt � l1s1˛dt

bQ
2bQ

1

2Although we assume no jumps in stock price process, it is not an essential assumption in our setting. Unlike
previous studies, we do not use stock price process to infer variance risk premium, but rather infer the risk
premium from VIX futures price.
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(14)

We show that this approximation is good enough in this context in
Appendix C.

With the approximated futures price (14), apply the lemma of the
Appendix and denote � as the parameter set of model. We have

where A� and B� are deterministic functions of t and �. The futures price of
Equation (14) becomes

(15)

Applying the lemma again, we obtain3

(16)

The above linear relation between logarithm of VIX futures price and the
state variables can be considered as a linear observation of unobservable state
variable X, which enables us to apply linear Kalman Filter and maximum likeli-
hood (ML) for model estimations and model comparisons.

MODEL RESULTS

Data Description

The Chicago Board Options Exchange (CBOE) launched VIX futures on
March 26, 2004. Both volume and open interest increased almost ten-fold
since its inception (estimated using the annual daily average during 2004 and
2007). To examine the liquidity issue and to compare VIX futures and variance
swap, we collect open interest and volume data from the CBOE Web site for all
contracts traded within our sample period. The results of our analysis are given
in Tables I and II. According to our estimation, the average daily trading vol-
ume for VIX futures for our sample period is $2.4 million in vega (vega is
defined as dollar volatility risk per percentage point change in volatility).

According to CBOE, the daily volume of VIX futures in 2008 has at least
kept at the 2007 level. Although variance swaps are more common to institu-
tional investors, especially hedge funds for their relative value trades, the VIX

log(FTt ) � A(T, �) � B(T, �) �Xt.

FT
t � EQ

t c expa1
2
A�(t, �) �

1
2
B�(t, �) �X(T)b d .

EQ
T c e(1�t) �T �t

T
Xs˛ ds d � exp(A�(t, �) � B�(t, �) �X(T) )

Ft(T) � EQ
t £6EQ

T c e(1�t)�T �t

T
Xsds d §

3The detailed computation result of the coefficients can be obtained from author upon request.
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futures market is more important to investors who have no easy access to the
OTC market, such as retail or foreign investors. Indeed, according to IFR,
about half of the volume generated in the CBOE Futures Exchange’s (CFE)
VIX contract comes from Europe (IFR June 24, 2006, open access calls grow)
We present a snapshot of the bid-ask spread for the VIX futures from the
OptionXpress in Table III.

We take daily closing prices of VIX futures from March 26, 2004, to
January 30, 2009. There are generally nine contracts traded on each trading
day, with the longest maturity being more than one year. We linearly interpolate
the VIX futures price on each trading date, together with VIX data,4 to obtain the
prices for maturity of 30, 60, 90, 180, and 270 days. The basic statistics of 

TABLE I

VIX Futures Open Interest and Daily Volume: March 2004–February 2008

VIX Futures Open 
No. of 

Period Covered
Prices Interest Volume

Code Observations Start End Mean Mean Mean

K4 38 2004-3-26 2004-5-19 185.6 1,166 148
M4 56 2004-3-26 2004-6-16 186.8 1,256 170
N4 35 2004-5-21 2004-7-14 168.2 1,981 192
Q4 100 2004-3-26 2004-8-18 193.2 1,697 135
U4 42 2004-7-19 2004-9-15 156.8 1,259 128
V4 37 2004-8-20 2004-10-13 152.7 1,226 124
X4 164 2004-3-26 2004-11-17 190.1 2,794 145
F5 62 2004-10-21 2005-1-19 146.1 1,210 75
G5 168 2004-6-18 2005-2-16 172.2 3,092 125
H5 37 2005-1-24 2005-3-16 149.4 4,427 173
K5 168 2004-9-20 2005-5-18 156.5 2,629 157
M5 61 2005-3-21 2005-6-15 142.9 1,178 138
Q5 186 2004-11-19 2005-8-17 148.6 4,403 172
V5 86 2005-6-20 2005-10-19 143.0 826 66
X5 188 2005-2-22 2005-11-16 150.6 3,303 129
Z5 42 2005-10-21 2005-12-21 126.6 950 86
F6 39 2005-11-18 2006-1-18 125.2 313 53
G6 186 2005-5-23 2006-2-15 150.7 3,416 146
H6 42 2006-1-20 2006-3-22 125.7 693 65
J6 41 2006-2-17 2006-4-19 125.1 664 62
K6 186 2005-8-19 2006-5-17 149.2 5,657 283
M6 42 2006-4-21 2006-6-14 149.7 1,950 285
N6 41 2006-5-22 2006-7-19 158.3 1,325 178
Q6 163 2006-12-21 2006-8-16 151.4 10,552 470
U6 42 2006-7-24 2006-9-20 140.8 3,788 412
V6 42 2006-8-18 2006-10-18 135.0 8,416 701
X6 176 2006-3-8 2006-11-15 148.5 15,016 609
Z6 64 2006-9-21 2006-12-20 127.7 7,988 541

Note. VIX, volatility index.

4We take VIX index as the price for VIX futures with zero maturity.
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the interpolated prices are given in Table IV. We estimate the models with two
samples, one is from March 2004 to February 2008 and another is from March
2004 to January 2009, which includes the violent volatility movements of the
current financial crisis.

To avoid illiquid trades, we eliminate contracts with a daily volume of less
than 2. To test the robustness of the long-term contracts, we use contracts with
a maturity up to 150 days because the daily trading volume for a contract
beyond 150 days generally reduces by half. We achieve similar results. (The
results are available upon request.) This serves as a robustness test for the use
of long maturity contracts in studying VIX futures term structure.

TABLE II

VIX Futures Open Interest and Daily Volume: March 2004–February 2008 (Continued)

VIX Futures Open 
No. of 

Period Covered
Prices Interest Volume

Code Observations Start End Mean Mean Mean

F7 58 2006-10-20 2007-1-17 125.7 2,218 190
G7 236 2006-3-8 2007-2-21 150.1 6,534 364
H7 102 2006-10-20 2007-3-21 135.7 6,311 399
J7 121 2006-10-20 2007-4-18 139.3 2,533 285
K7 289 2006-3-22 2007-5-16 153.6 6,046 262
M7 121 2006-11-17 2007-6-20 141.9 4,248 338
N7 124 2007-1-19 2007-7-18 145.3 3,413 383
Q7 295 2006-6-21 2007-8-15 161.6 6,233 562
U7 124 2007-3-23 2007-9-19 177.1 4,376 506
V7 125 2007-4-20 2007-10-17 181.5 6,966 608
X7 252 2006-11-21 2007-11-21 175.3 12,921 845
Z7 149 2007-5-18 2007-12-19 201.3 8,133 798
F8 124 2007-7-20 2008-1-16 222.8 6,860 523
G8 252 2007-2-16 2008-2-20 328.6 5,064 383
H8 110 2007-9-21 2008-3-19 237.9 5,452 496
J8 90 2007-10-19 2008-4-16 245.7 3,930 247
K8 467 2006-4-21 2008-5-21 186.0 1,898 74
M8 175 2007-6-20 2008-6-18 220.3 3,194 91
N8 46 2007-12-21 2008-7-16 246.6 553 39
Q8 131 2007-8-22 2008-8-20 229.6 2,599 111
X8 67 2007-11-21 2008-11-19 241.0 1,291 61
Z8 28 2008-1-18 2008-12-17 243.3 5 28
G9 8 2008-2-19 2009-2-18 242.3 2 7

Average 169.3 3,803.0 266.0

Note. The futures contract code is the expiration month code followed by a digit representing the expiration year. The expiration
month codes follow the convention for all commodities futures, which is defined as follows: January—F, February—G, March—H,
April—J, May—K, June—M, July—N, August—Q, September—U, October—V, November—X, and December—Z. The average trad-
ing volume is 266 contracts per day, and there are generally 9 contracts traded on each trading day, contract size is $1,000 times the
VIX, and vega is defined as the dollar volatility risk per percentage point change in volatility. Therefore, each contract has 1,000*266 �

0.266 million vega. Because there are on average 9 contracts traded each day, total daily trading volume amounts to 0.266*9 � 2.4
million vega. VIX, volatility index.
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Component Analysis and Model Comparison

As a first step, we perform a principal component analysis (PCA). Table V pres-
ents the PCA on five time series of VIX futures returns. The largest component,
eigenvector 5, accounts for more than 91% of the price term structure movement
and captures the level shift. The second largest component, eigenvector 4,
accounts for about 6% of the total risk. This component, with positive exposures
to short-dated (30 and 60 days) contracts, and negative exposures to long-dated
(90, 180, and 270 days) contracts, captures the slope movements of the term
structure. The third largest component only accounts for less than 2% of the total
risk and captures the curvature movements. These three components account
for almost 99%, and the first two components account for 96% of the total risk.

We then examine the dynamic PCA models, models 1–3 described in pre-
vious section. The estimation results for the three nested dynamic models are
presented in Table VI.

TABLE III

VIX Futures Bid–Ask Spread: A Snapshot

Bid–Ask
Symbol Month Last Bid Ask Spread

VXU8 Sep-2008 21.78 21.71 21.78 0.07
VXV8 Oct-2008 22.82 22.76 22.85 0.09
VXX8 Nov-2008 23.03 23.01 23.1 0.09
VXZ8 Dec-2008 22.41 22.45 22.64 0.19
VXF9 Jan-2009 22.80 22.95 22.97 0.02
VXG9 Feb-2009 23.15 23.03 23.2 0.17
VXH9 Mar-2009 23.20 22.74 23.1 0.36
VXJ9 Apr-2009 22.92 22.71 23.11 0.40
VXK9 May-2009 22.85 22.7 23.07 0.37

Note. We present a snapshot on August 22, 2008, of bid–ask spread for VIX futures quotes
from optionsXpress. VIX, volatility index.

TABLE IV

VIX Futures Price Statistics

Maturity Mean Std. Skew. Kurt. Auto.

30 15.573 3.803 1.449 4.280 0.938
60 16.166 3.537 1.348 3.926 0.950
90 16.548 3.334 1.316 3.811 0.954
180 17.243 2.974 1.178 3.339 0.956
270 17.510 2.807 1.155 3.235 0.955

Note. We present basic statistics for VIX futures contract with 30, 60, 90, 180, and 270 days
in maturity, including mean, standard deviation, skewness, kurtosis, and autocorrelation. VIX,
volatility index.
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The one-factor model seems to capture the 90-day futures price exclusive-
ly, and leaves the other contracts being priced with bigger errors. It does not
have enough freedom to calibrate the term structure. It is shown in Table VI
that mean-reversion speed is 0.59, roughly two years to return to the mean.
This is much smaller compared with one-factor square root process for VIX
index obtained from Dotsis et al. (2007), whose estimation of mean-reversion
speed is 9. This is due to the fact that VIX futures price is much smoother than
VIX index itself. The pricing error varies, with 90-day contract precisely priced
and 30-day contract priced with a 6.1% pricing error. Apparently, one-factor
model is not enough to capture the term structure.

We now examine the two-factor model. The first component reverts to mean
with speed equal to 4.8, which is much faster than the single component in one-
factor model. The reason is that the two-factor model does capture the term struc-
ture, and there is a strong mean-reversion tendency implied from term structure.
The second component reverts to mean with a much slower speed of roughly 0.25.
Likelihood Ratio (LR) test shows that the second component is highly significant
to capture the term structure of volatility futures price in this dynamic setting. This
is consistent with Egloff et al. (2009) and Christoffersen et al. (2008).

To examine whether a third component is statistically significant, we
examine three-factor models. The estimation results show that the fastest com-
ponent now returns to the mean almost every two weeks (a1 � 25). LR test
shows that the third component is significant.

Notice that there is no one-to-one correspondence between the static 
PCA and the dynamic models. The reason is that, in dynamic models, the level,
slope, and curvature of term structures are not independent. For example, when
the level is low, the slope is usually high, and vice versa. We present in Table VI

TABLE V

Principal Component Analysis for VIX Futures Price Return

Percentage of Total Risk

0.48%
Eigenvectors 0.77% 1.92% 5.62% 91.21%

Contract 1 2 3 4 5

30 �0.1838 0.1155 �0.4919 0.5680 0.6231
60 0.6349 �0.3943 0.4308 0.1196 0.4914
90 �0.6378 0.1157 0.6074 �0.1713 0.4261
180 0.3624 0.7074 �0.1242 �0.4947 0.3287
270 �0.1580 �0.5634 �0.4336 �0.6237 0.2840

Note. We present the PCA results for the VIX futures prices. Eigenvectors 1–5 are inde-
pendent with ascending eigenvalues. The eigenvalues are normalized. VIX, volatility index;
PCA, principal component analysis.
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two structured factor models, models 4 and 5, to identify the factors. We notice
that the pricing performances of the structured models (models 4 and 5) are
similar to that of the PCA factor models (models 2 and 3). Egloff et al. (2009)
estimate a two-factor affine model with a structure similar to model 4.

To test the robustness of the models, we compare the parameters with or
without the current crisis period. The results with data to February 2008 
are given in Table VI, and the results with data to January 2009 are given 

TABLE VI

Maximum Likelihood Estimation for Models with Linear Kalman Filter: Daily Data 
March 2004–February 2008

Model 1 Model 2 Model 3 Model 4 Model 5

a 0.5899 a1 4.8057 a1 25.2334 a1 4.8468 a1 27.3983
(0.0118) (0.0842) (1.4247) (0.0852) (1.6273)

b 5.8266 b1 5.6895 b1 5.5062 s1 1.2766 0.0922
(0.6392) (1.0956) (1.2563) (0.0267) (0.1531)

s 0.7188 s1 1.1348 s1 6.0102 0.3092 s1 7.7363
(0.0201) (0.0299) (0.9053) (0.1339) (1.3681)

bQ 6.0066 6.0215 5.6087 a2 0.2431 a2 5.3368
(0.0139) (1.0963) (1.2876) (0.0152) (0.1361)

a2 0.2469 a2 4.6163 b2 5.6906 s2 1.3057
(0.0154) (0.1184) (1.1010) (0.0311)

s2 0.5135 s2 1.1150 5.4115 0.2581
(0.0089) (0.0254) (0.1362) (0.1321)

�0.3155 0.3197 s2 0.4736 a3 0.2221
(1.0941) (0.1290) (0.0093) (0.0160)

s3 0.2046 r 0.5009 s3 0.5465
(0.0170) (0.0290) (0.0122)

s3 0.4895 b3 6.7025
(0.0090) (1.4083)

�0.3794 6.5107
(1.2987) (0.1882)

r12 �0.2231
(0.0382)

r23 0.6470
(0.0207)

se1 0.0610 se1 0.0239 se1 0.0051 se1 0.0238 se1 0.0050
(0.0026) (0.0004) (0.0005) (0.0004) (0.0005)

se2 0.0223 se2 0.0031 se2 0.0025 se2 0.0030 se2 0.0010
(0.0007) (0.0005) (0.0002) (0.0005) (0.0008)

se3 0.0001 se3 0.0088 se3 0.0085 se3 0.0088 se3 0.0088
(0.0403) (0.0002) (0.0002) (0.0002) (0.0002)

se4 0.0241 se4 0.0012 se4 0.0022 se4 0.0021 se4 0.0031
(0.0011) (0.0005) (0.0003) (0.0004) (0.0003)

se5 0.0347 se5 0.0143 se5 0.0141 se5 0.0141 se5 0.0137
(0.0020) (0.0003) (0.0003) (0.0003) (0.0003)

L 10,379 14,030 14,872 14,034 14,906
L/n 10.5800 14.3020 15.1598 14.3056 15.1944

Note. This table presents the estimation results for models 1–5 with MLE. s are mean-squared errors of the observation. The
estimation errors are in parenthesis. Log likelihood is reported at the bottom.
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in Table VII. Note that the parameters in these two tables are similar for the
three-factor model, which implies that the model is robust. We also estimate
the models with weekly data, and present the results in Table VIII. The param-
eters are similar except for the mean-reversion speed for the fastest component
of the three-factor model, which is much slower than that of the daily data.
This is consistent with the stylized fact that the estimation of high-frequency
process is sensitive to sampling frequency.

TABLE VII

Maximum Likelihood Estimation for Models with Linear Kalman Filter: Daily Data 
March 2004–January 2009

Model 1 Model 2 Model 3 Model 4 Model 5

a 0.6258 a1 4.7329 a1 27.6838 a1 4.8136 a1 29.2444
(0.0066) (0.0748) (1.0490) (0.0756) (1.2280)

b 6.1314 b1 6.1665 b1 5.7044 s1 1.4276 0.2078
(0.6293) (1.1946) (1.4626) (0.0274) (0.1884)

s 0.8240 s1 1.2286 s1 8.8607 0.2062 s1 10.3421
(0.0192) (0.0291) (0.9750) (0.1391) (1.3398)

bQ 5.9482 6.3673 5.8984 a2 0.1935 a2 5.0288
(0.0111) (1.1928) (1.5221) (0.0102) (0.1107)

a2 0.1935 a2 4.4688 b2 5.7184 s2 1.3977
(0.0104) (0.1024) (1.3986) (0.0286)

s2 0.5694 s2 1.1496 5.4666 0.1442
(0.0088) (0.0237) (0.1431) (0.1317)

�0.7216 0.1918 s2 0.5243 a3 0.1816
(1.1900) (0.1256) (0.0089) (0.0115)

a3 0.1499 r 0.5880 s3 0.6121
(0.0128) (0.0227) (0.0123)

s3 0.5397 b3 6.8965
(0.0091) (1.4805)

�0.8001 6.1885
(1.5301) (0.2130)

r12 �0.1660
(0.0281)

r23 0.7109
(0.0164)

se1 0.0638 se1 0.0310 se1 0.0010 se1 0.0310 se1 0.0050
(0.0014) (0.0004) (0.0017) (0.0004) (0.0005)

se2 0.0217 se2 0.0021 se2 0.0027 se2 0.0010 se2 0.0010
(0.0005) (0.0007) (0.0002) (0.0014) (0.0008)

se3 0.0001 se3 0.0095 se3 0.0092 se3 0.0095 se3 0.0095
(0.0423) (0.0002) (0.0002) (0.0002) (0.0002)

se4 0.0247 se4 0.0030 se4 0.0036 se4 0.0041 se4 0.0045
(0.0008) (0.0002) (0.0002) (0.0002) (0.0002)

se5 0.0358 se5 0.0156 se5 0.0155 se5 0.0153 se5 0.0150
(0.0013) (0.0002) (0.0002) (0.0002) (0.0002)

L 12,525 16,438 17,703 16,456 17,704
L/n 10.3771 13.6189 14.6668 13.6339 14.6674

Note. This table presents the estimation results for models 1–5 with MLE. s are mean-squared errors of the observation. The esti-
mation errors are in parenthesis. Log likelihood is reported at the bottom.
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Jump

Jump has been proved to be important in stock price and volatility. However,
jumps in stock price will not affect our analysis because stock price does not
enter into our model. Jumps in volatility can be potentially important to
account for the sudden increase in volatility as indicated by Eraker, Johannes,
and Polson (2003). Lin (2007) finds that adding volatility jumps can reduce

TABLE VIII

Maximum Likelihood Estimation for Models with Linear Kalman Filter: Weekly Data 
March 2004–February 2008

Model 1 Model 2 Model 3 Model 4 Model 5

a 0.5864 a1 4.8315 a1 11.6049 a1 4.8674 a1 16.4392
(0.0262) (0.1911) (1.0193) (0.1904) (1.8913)

b 5.8150 b1 5.6786 b1 5.7000 s1 1.1496 0.0896
(0.6766) (1.1723) (2.0178) (0.0627) (0.1084)

s 0.7188 s1 0.9649 s1 1.5567 0.3442 s1 2.4941
(0.0279) (0.0595) (0.2305) (0.1379) (0.6108)

bQ 6.0182 6.0472 5.7662 a2 0.2563 a2 4.6495
(0.0248) (1.1634) (2.0295) (0.0329) (0.3628)

a2 0.2633 a2 3.4258 b2 5.6971 s2 0.9648
(0.0333) (0.3158) (1.2411) (0.0652)

s2 0.5559 s2 0.7450 5.3352 0.2511
(0.0209) (0.0669) (0.1436) (0.1238)

�0.3751 0.3814 s2 0.5191 a3 0.1756
(1.1662) (0.1219) (0.0214) (0.0407)

a3 0.1338 r 0.5735 s3 0.5374
(0.0544) (0.0593) (0.0264)

s3 0.4876 b3 6.4798
(0.0255) (1.8488)

�0.9678 5.9995
(2.0594) (0.2365)

r12 0.0726
(0.0778)

r23 0.7366
(0.0445)

se1 0.0614 se1 0.0228 se1 0.0077 se1 0.0226 se1 0.0081
(0.0063) (0.0011) (0.0031) (0.0011) (0.0049)

se2 0.0226 se2 0.0049 se2 0.0089 se2 0.0052 se2 0.0084
(0.0017) (0.0015) (0.0007) (0.0014) (0.0009)

se3 0.0001 se3 0.0082 se3 0.0046 se3 0.0082 se3 0.0055
(0.1849) (0.0005) (0.0006) (0.0006) (0.0007)

se4 0.0237 se4 0.0001 se4 0.0051 se4 0.0020 se4 0.0035
(0.0026) (0.0388) (0.0009) (0.0022) (0.0012)

se5 0.0346 se5 0.0142 se5 0.0117 se5 0.0140 se5 0.0129
(0.0048) 0.0007 (0.0008) (0.0008) (0.0008)

L 9,603 12,669 12,966 12,673 12,903
L/n 9.7893 12.9141 13.2169 12.9183 13.1526

Note. This table presents the estimation results for models 1–5 with MLE. s are mean-squared errors of the observation. The esti-
mation errors are in parenthesis. Log likelihood is reported at the bottom.
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pricing error, but he uses the one-factor affine stochastic volatility model,
which is different from our loglinear setting. In their study, Chernov et al.
(2003) find that a two-factor, loglinear stochastic volatility model is as good as
the one-factor affine model plus jumps. In this study, our goal is to study the
factor model of variance term structure; it would not affect our main results
leaving out jumps because of its transient nature. On the other hand, it would
sacrifice much efficiency in estimation to include jumps in our model.

Nevertheless, given the ample evidence and myriad of recent literature on
jump in variances, accommodating jumps in a multi-factor model presents a very
interesting research topic. To study the impact of jumps in this setting, a nonlin-
ear or Monte Carlo-based ML inference would be appropriate. This is beyond
our current modelling scope, and we intend to investigate it in a future article.

Variance Risk Premium

In this subsection, we comment on the variance risk premium implied from the
five models, and present the results in Table IX. We find that the variance risk is
priced, and its risk premium is negative and very large in economic terms.
However, the magnitudes of risk premia reported differ among models. The risk
premium is �10% per annum in the one-factor model, �150% for both two-factor
models, and �400 and �250% for the two three-factor models, respectively.
The negative sign of the variance risk premium is consistent with the findings of
a long list of reports in the literature, e.g., Chernov and Ghysels (2000), Bakshi and
Kapadia (2003), Pan (2002), and Coval and Shumway (2001). In the literature,
the magnitudes of risk premia reported also vary dramatically among different
models and different sampling periods. Moreover, they vary among different
trading strategies used for measuring the premia. For example, Bondarenko
(2007) estimates the loss rate of the strategy to be �26.66% per month based on
synthetic variance swap with S&P 500 futures; Coval and Shumway (2001)
report average losses of approximately 3% per week based on zero-b at-the-
money straddle. Todorov (2007) uses high-frequency returns and the CBOE
VIX index to study the dynamics of the variance risk premium and shows that
variance risk premium is highly volatile, with range between 0 and �400% from
1990 to 2002. Pan (2002) uses at-the-money options to estimate the Heston

TABLE IX

Risk Premium for Vt Implied from VIX Futures Price Models

Model 1 Model 2 Model 3 Model 4 Model 5

Risk premium for variance (annual) (%) �10.62 �151.76 �398.46 �149.86 �252.52

Note. VIX, volatility index.



Evidence from VIX Futures Market 245

Journal of Futures Markets DOI: 10.1002/fut

(1993) model, and the average variance risk premium estimated is around 300%
per annum. In addition, Egloff et al. (2009) estimate variance risk premia at
�400 and �700% based one- and two-factor models in affine setting. The defi-
nition of variance risk premium in these two articles is similar to ours.

The dynamics of implied state variables and their risk premia are present-
ed in Figures 1–3. In Figure 1, we present the filtered instantaneous Vt for the
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FIGURE 1
Instantaneous variance and variance premia dynamics for models 1–3. The first graph plots the time

series of the instantaneous variance Vt for principal component models 1–3. The second graph plots the
time series of the variance risk premia for models 1–3.
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three PCA models. The variance implied from the three-factor PCA model is
much more volatile. This is because three-factor models capture the dynamics
of short-dated contracts with more accuracy. In Figures 2 and 3, we present the
structured two- and three-factor models, with both Vt and other state variables.
The risk premium for the long-term mean is almost zero in model 4, whereas
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State variables and risk premia dynamics for model 4. The first graph plots the time series of the 

state variables for model 4, the structured two-factor model. The second graph plots the time series of
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the risk premia for both short-run and medium-run components are significant
and negative. It is interesting to compare our results to those reported by Egloff
et al. (2009) for the OTC variance swaps market. In their two-factor model,
both short-run and long-term mean level demand negative risk premia.

In-Sample and Out-of-Sample Performance

In order to examine how the models fit the VIX futures price in-sample, we
present pricing error analysis in Table X. In this table, we report the absolute
pricing errors for tenth of the VIX futures price quote of CBOE (refer to 
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FIGURE 3
State variables and risk premia dynamics for model 5. The first graph plots the time series of the state
variables for model 5, the structured three-factor model. The second graph plots the time series of the

state variable risk premia for model 5, including short-, medium-, and long-term components.
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the Appendix for detailed quote convention). Note that the se reported in Table
VI represents the relative pricing errors. The relative pricing errors of the 30-
day contracts are reduced from 2.28 to 0.77% for weekly data, and from 2.39 to
0.51% for daily data with the third additional component in the PCA model.
Similar results are obtained for the structured models. In Figure 4, we present
the relative pricing error time series of the three PCA models. The relative pric-
ing errors are much reduced from one- to three-factor model. In addition, in
Figure 5, we present the pricing error time series for the two structured 

TABLE X

In-Sample Price Error Analysis

Maturity Mean Rmse Max. R2 Auto.

Model 1: one factor

30 �0.6052 1.0457 5.0883 0.9511 0.959
60 �0.1990 0.3922 1.3313 0.9911 0.942
90 0.0004 0.0012 0.0055 1.0000 0.244
180 0.2152 0.4692 1.2719 0.9806 0.949
270 �0.2734 0.6513 1.9950 0.9561 0.965

Model 2: two factors

30 �0.0232 0.3983 3.3510 0.9894 0.906
60 0.0027 0.0196 0.0947 1.0000 0.371
90 �0.0277 0.1471 0.4254 0.9982 0.841
180 0.0003 0.0040 0.0202 1.0000 0.120
270 �0.0134 0.2370 0.9261 0.9930 0.894

Model 3: three factors

30 �0.0003 0.0359 0.2860 0.9999 0.294
60 0.0015 0.0194 0.1144 1.0000 0.326
90 �0.0261 0.1431 0.6029 0.9982 0.839
180 0.0014 0.0137 0.1090 1.0000 0.186
270 �0.0187 0.2330 0.8186 0.9932 0.897

Model 4: structured two factors

30 �0.0232 0.3982 3.3333 0.9894 0.907
60 0.0025 0.0188 0.0885 1.0000 0.382
90 �0.0277 0.1468 0.7224 0.9982 0.845
180 0.0011 0.0124 0.1003 1.0000 0.149
270 �0.0138 0.2329 0.8403 0.9932 0.897

Model 5: structured three factors

30 �0.0001 0.0382 0.3208 0.9999 0.247
60 0.0003 0.0029 0.0179 1.0000 0.246
90 �0.0336 0.1487 0.4884 0.9981 0.843
180 0.0033 0.0265 0.1355 0.9999 0.173
270 �0.0221 0.2231 0.6726 0.9938 0.894

Note. Errors are defined as the difference between VIX futures price/10 and the correspon-
ding model implied values. The errors are presented with mean, root mean-squared error
(Rmse), maximum, regression R 2, and autocorrelation. VIX, volatility index.
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futures contracts for principal component models 1–3. VIX, volatility index.
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models. Notice that not only the magnitudes of pricing errors are reduced sig-
nificantly from two- to three-factor model but also the autocorrelations of pric-
ing errors are also much reduced.

Out-of-sample fit for VIX futures term structure is presented in Table XI.
There are eight out-of-sample dates from February 20 to February 29 of 2008.
The goodness-of-fit is comparable to that of in-sample fit, and better than pre-
vious VIX futures models, including Zhang and Zhu (2006), Lin (2007), and
Dotsis et al. (2007).
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TABLE XI

Out-of-Sample Price Error

Contract Maturity (Days)

30 60 90 180 270

Model 1
20-Feb-2008 �0.0681 0.0249 �0.0158 �0.0426 0.1408
21-Feb-2008 �0.0103 0.0880 �0.1871 0.0243 0.1176
22-Feb-2008 �0.2003 �0.1215 �0.1252 0.3064 0.2978
25-Feb-2008 �0.2312 �0.0341 �0.0178 0.1030 0.3057
26-Feb-2008 �0.3612 0.0440 0.0992 0.0797 0.2567
27-Feb-2008 �0.3030 0.1705 0.2035 �0.1147 0.0704
28-Feb-2008 �0.2942 0.0953 0.0624 0.0158 0.2087
29-Feb-2008 �0.2069 0.1348 0.1601 �0.0439 �0.0474

Model 2
20-Feb-2008 �0.0261 0.0499 0.0006 �0.0710 0.0473
21-Feb-2008 0.0030 0.1021 �0.1693 0.0166 0.0527
22-Feb-2008 0.0783 �0.0321 �0.1548 0.0999 0.0153
25-Feb-2008 0.0075 0.0324 �0.0547 �0.0701 0.0894
26-Feb-2008 �0.0908 0.1181 0.0553 �0.1128 0.0270
27-Feb-2008 �0.1926 0.1984 0.1879 �0.1840 �0.0214
28-Feb-2008 �0.1122 0.1564 0.0496 �0.1137 0.0159
29-Feb-2008 �0.1933 0.1707 0.2061 �0.0489 �0.1550

Model 3
20-Feb-2008 �0.0013 0.0112 �0.0040 �0.0424 0.0386
21-Feb-2008 �0.0102 0.1073 �0.1457 0.0325 0.0201
22-Feb-2008 �0.0042 0.0452 �0.0817 0.0970 �0.0579
25-Feb-2008 �0.0038 0.0361 �0.0327 �0.0549 0.0587
26-Feb-2008 �0.0012 0.0108 0.0030 �0.0676 0.0581
27-Feb-2008 0.0023 �0.0250 0.0585 �0.1072 0.0744
28-Feb-2008 �0.0026 0.0245 �0.0170 �0.0602 0.0584
29-Feb-2008 0.0068 �0.0644 0.0754 0.0367 �0.0582

Model 4
20-Feb-2008 �0.0311 0.0531 0.0070 �0.0681 0.0399
21-Feb-2008 �0.0021 0.1052 �0.1629 0.0195 0.0453
22-Feb-2008 0.0733 �0.0300 �0.1494 0.1029 0.0089
25-Feb-2008 0.0043 0.0353 �0.0493 �0.0677 0.0827
26-Feb-2008 �0.0943 0.1205 0.0602 �0.1104 0.0206
27-Feb-2008 �0.1961 0.2012 0.1933 �0.1818 �0.0284
28-Feb-2008 �0.1172 0.1588 0.0552 �0.1110 0.0090
29-Feb-2008 �0.1970 0.1750 0.2132 �0.0467 �0.1642

Model 5
20-Feb-2008 �0.0001 �0.0025 0.0089 �0.0245 0.0191
21-Feb-2008 �0.0083 0.0908 �0.1362 0.0514 0.0041
22-Feb-2008 �0.0033 0.0399 �0.0781 0.1085 �0.0696
25-Feb-2008 �0.0024 0.0260 �0.0270 �0.0403 0.0465
26-Feb-2008 0.0000 �0.0015 0.0131 �0.0520 0.0422
27-Feb-2008 0.0037 �0.0425 0.0771 �0.0877 0.0507
28-Feb-2008 �0.0009 0.0091 �0.0034 �0.0420 0.0394
29-Feb-2008 0.0075 �0.0810 0.1008 0.0567 �0.0897

Note. Errors are defined as the difference between VIX future price/10 and the correspon-
ding model implied values. Due to data availability, we leave out eight daily prices for out-of-
sample price test. VIX, volatility index.
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CONCLUDING REMARKS AND FURTHER
RESEARCH

The VIX futures contract is one of the most innovative products launched by
CBOE. In this study, we examine variance term structure based on time series
data from the CBOE VIX futures market. We first derive a new pricing frame-
work for VIX futures, which is convenient to study variance term structure
dynamics. We then construct five models and use Kalman filter and ML method
for model estimations and model comparisons. We provide evidence that a third
factor is statistically significant to capture variance term structure dynamics.

Further research includes an examination on the economic significance of
the three-factor model for volatility. This is important for volatility hedging
given growing acceptance of volatility as an asset class. The calibration result of
this study is helpful to shed light on this issue.

Another research direction involves the joint empirical study on VIX
futures and options markets to study the risk premium implied by both mar-
kets. In addition, how the advent of VIX futures and related products impact on
variance risk premium dynamics should be examined, as well as how jumps
impact on the term structure modelling.

APPENDIX A: VIX INDEX

VIX is a volatility index computed based on the prices of out-of-the-money SPX
options. The VIX squared is equal to the variance swap rate. Both indices are
now reported by the CBOE, and hence observable.

The CBOE is now developing a volatility derivative market by using the
VIX as the underlying. The VIX was first introduced on September 22, 2003.
The VIX futures contracts were first listed in the CFE on March 26, 2004.
Even though the VIX squared is able to be replicated by a portfolio of options,
the VIX itself is not. Therefore, the VIX is not a tradable asset, and one cannot
use no-arbitrage principle to derive a formula to relate the VIX futures price
and the VIX. Understanding the dynamics of the VIX and its relationship with
the dynamics of the SPX becomes crucial in understanding the VIX futures
market that is being developed.

Now we introduce the CBOE methodology for construction of VIX index.
Please refer to Chicago Board Options Exchange (2003) for details. VIX is the
price of a portfolio of options on SPX with a maturity of 30 days. The portfolio
weights match those of the 30-day log contract replication:
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where s is the VIX/100, T the time to expiration, F the forward index level
derived from index option prices, Ki the strike price of the ith out-of-the-money
option, a call if Ki � F and a put if Ki � F, 	Ki the interval between strike
prices, K0 the first strike below the forward index level, F, and Q(Ki) the mid-
point of the bid–ask spread for each option with strike Ki.

APPENDIX B: VIX FUTURES CONTRACT

VIX, the CBOE VIX, is based on real-time prices of options on the SPX, listed
on the CBOE (symbol: SPX), and is designed to reflect investors’ consensus
view of future (30-day) expected stock market volatility.

Product specifications: CBOE VIX futures.
Contract name: CBOE VIX futures.
Listing date: March 26, 2004.
Description: The CBOE VIX is based on real-time prices of options on the

SPX, listed on the CBOE (symbol: SPX), and is designed to reflect investors’
consensus view of future (30-day) expected stock market volatility.

Contract size: $1000 times the VIX.
Contract months: The exchange may list for trading up to six near-term

serial months and five months on the February quarterly cycle for the VIX
futures contract.

Trading hours: 8:30 a.m.–3:15 p.m. Central time (Chicago time).
Trading platform: CBOEdirect.
Ticker symbols: CBOE VIX. VIX futures—VX.

APPENDIX C: APPROXIMATION OF ARITHMETIC
AVERAGE BY GEOMETRIC AVERAGE

Approximating arithmetic mean by geometric mean is not uncommon in
finance; for example, Vorst (1992) used it to price Asian options. Due to the
mean-reversion nature of the process, and the short averaging period, t � 22
business days, it should be a good approximation. Note that the approximation
only depends on the averaging period, which is 22 business days for all 
contracts—not the term of futures. Considering that 22 business days is a
rather short period, the approximation is indeed a good one. Using VIX data
over our sampling period, we find that for the 22-business-day averaging period,
the error between the geometric mean and the arithmetic mean is approxi-
mately 0.38% with a standard deviation of 0.42% in relative pricing, and mean
0.06 percentage point with 0.07 percentage point in standard deviation in
absolute pricing. Note that these estimations are based on historical VIX data
that experienced a level as high as 30 and as low as 10. Furthermore, we find
that this approximation error corresponds to the bid–ask spread of VIX futures.
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Table III shows a snapshot from optionsXpress on August 22, 2008, of the
bid–ask spread for VIX futures quotes, which range from 0.02 percentage point
to 0.19 percentage point for contracts within 150 days, and range from 0.17 to
0.40 percentage point for contracts beyond 150 days.

APPENDIX D: PROOF OF (14) AND (16)

To derive Equations (14) and (16), we use the following lemma. This is proved
in Duffie, Pan, and Singleton (2000).

Lemma: Let

be an N-dimensional vector process; m(X) is an N-dim linear vector function of
X and s is an N 
 N constant matrix. Let

Then

(D1)

with A(�) and B(�) being functions solving the following ordinary differential
equations:

with terminal condition A(T) � 0, B(T) � u.
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