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Cash Flow or Discount Risk? Evidence from the Cross Section of
Present Values

Abstract

Realized returns comprise (ex-ante) expected returns plus (ex-post) innovations, and consequently

both expected returns and returns innovations can be broken down into components reflecting

fluctuations in cash flow (CF) and discount rate (DR). I use a present-value model to identify the

CF and DR risk factors which are latent from the time series and cross sections of price–dividend

ratios. This setup accommodates models where CF risk dominates, like Bansal and Yaron (2004),

and models where DR risk dominates, like Campbell and Cochrane (1999). I estimate the model

on portfolios, which capture several of the most common cross-sectional anomalies, and decom-

pose the expected and unexpected returns into CF and DR components along both time-series

and cross-sectional dimensions. I find that (1) the DR risk is more likely to explain the variations

of expected returns, (2) the CF risk drives the variations of unexpected returns, and (3)together

they account for over 80% of the cross-sectional variance of the average stock returns.



1 Introduction

Prices are the sums of cash flows discounted by risk-adjusted discount rates. Thus, variations

in price–dividend ratio and returns are due to change in cash flow (CF), or discount rate (DR),

or both. I propose a present-value model to investigate how CF and DR risk drive the stock

return variations from (ex-ante) expected and (ex-post) unexpected perspectives. This model

treats the time-varying CF and DR risk factors as latent, following an exogenous time-series

dynamics. Upon observations of the log of price–dividend ratio (lnpd) , I identify the latent

factors and parameters in the model on portfolios capturing several of the most common cross-

sectional anomalies. Then I decompose the realized returns into expected and unexpected CF and

DR components based on the model estimates. I find the DR risk is more likely to explain the

variations in expected returns, while CF risk drives the variations in unexpected returns. Together,

they can account for the common anomalies of cross-sectional stock returns.

In the model, the present-value and the latent-factor approaches function respectively in the

analysis of expected and unexpected returns. On the expected return side, using lnpd, which

reflects the ex-ante expectations in both of the future CF and DR, the present-value approach

facilitates to bring the CF and DR fluctuations together and evaluate their likelihood of being

priced as risks. Testing whether CF or DR risk dominates the expected return has a fundamental

bearing on the theoretical modeling of asset prices. Theories characterized by either CF or DR

risk quantitatively explain a wide range of asset-pricing phenomena. For example, the long-run

risk literature argues that the CF risk explains stock returns in time series and cross sections,1

while the models with changing risk aversion or sentiment emphasize DR risk as the main factor

1 See Bansal and Yaron (2004), Bansal, Dittmar and Lundblad (2005), Bansal, Dittmar and Kiku (2009), Bansal,
Kiku, Shaliastovich and Yaron (2013), Drechsler and Yaron (2011), Hansen, Heaton and Li (2008), Lettau and
Ludvigson (2009), Koijen, Lustig, Van Nieuwerburgh and Verdelhan (2010), Parker and Julliard (2005).
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in pricing the stocks.2

In this paper, the present-value framework is general enough to accommodate both types

of theories, featuring CF risk as in Bansal and Yaron (2004) and DR risk as in Campbell and

Cochrane (1999). The model’s building blocks include factors for the following states. Market-

level dividend growth and expected return represent marketwise CF and DR. The stochastic

volatilities of dividend growth and return characterize the marketwise prices of CF and DR risk.

Moreover, for a piece of individual asset, the exposures of its CF and DR to the marketwise CF

and DR factors capture its CF and DR risk. Either CF or DR risk channel imposes constraints

on the pricing kernels of the corresponding nested model, and these constraints can be translated

into hypothetical conditions on latent factors and parameters. This hierarchy of models enable

the Bayes factor test to examine whether the proposed risk channel is likely to generate the cross-

sectional data of lnpd. The results from this test emphasize the DR risk as the more likely risk

channel.

Results beyond the Bayes factor test highlight the DR risk as having the main role in expected

return. First, return and growth predictability is consistent with previous empirical findings under

the DR risk model, but not under the CF risk model. When the DR risk dominates, the expected

returns and growth constructed from DR and CF factors are significant predictors of realized

returns and growth at both market and individual stock levels, with R2 ranging from 1.9% to

8.5% for returns and 1.2% to 14% for dividend growth. The predictability of both return and

dividend growth is much poorer under the model with CF risks. Second, the DR news leads CF

news in contributing to the variations of lnpd. If the DR risk is more influential than the CF risk

in pricing, the movement of prices should be driven more by DR changing, and vice versa. In
2 Campbell and Cochrane (1999), Menzly, Santos and Veronesi (2004), Santos and Veronesi (2005, 2010),

Watcher (2006)
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the time-series variances of lnpd of all test portfolios, the innovation in market DR accounts for a

fraction of 91.1% on average, compared with a fraction of 26.9% from the innovation in market

CF. In explaining the cross-sectional variation of level of lnpd, the R2 value attributed to the level

of DR exposure is 81% and the R2 value attributed to the level of CF exposure is -18% under the

unconstrained model.

On the unexpected return side, the latent-factor approach highlights the importance of the

difference between the ex-ante expected return and the ex-post realized return. In my model,

the CF and DR state factors describe the ex-ante expected dividend growth and expected return.

They are not observable directly and subject to exogenous dynamics. Discounting the future

CF with time-varying DR, I develop an exact form of lnpd as a function of these latent factors.

This observation equation together with the dynamics of the latent factors constitute a state-space

model, and the latent CF and DR factors are readily estimated using Bayesian Gibbs sampling

method. I therefore separate the ex-ante expected CF and DR from their ex-post unexpected

shocks with the estimated latent factors. Under this approach, one considers lnpd as a proxy for

both DR and CF and is able to estimate the latent factors without bias. Without the latent-factor

approach, one considers lnpd as a proxy only for DR and may result in bias in DR and CF. As

a consequence of this approach, anomalies in cross-sectional returns may result from ex-ante

conditional DR risk or ex-post unexpected realizations in CF and DR that are not priced in the

expected returns. Given that the DR risk model is a version of the conditional CAPM, I find that

the conditional CAPM explains well the cross section of the ex-ante expected return. The average

of ex-ante expected return is totally explained by its level and stability of the time-varying market

beta. To explain the ex-post realized return, the ex-ante expected return is in line with but not

sufficient. Decomposing the time-series and cross-sectional variance of realized returns, one can
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see that the unexpected CF shocks mainly move the return. Intuitively, the value stocks, past

winner stocks and etc, have more positive surprises than negative surprises in their dividends in

the sample, which results in their high average realized returns. Together, the ex-ante DR risk and

the ex-post CF shock can account for 81.2% of the cross-sectional variance of average returns.

This paper adds to the recent literature employing present-value structure to identify the

DR and expected CF by using information of dividend yield and dividend growth. Ang and

Liu (2004), among others,3 provide expression for the price–dividend ratio as an infinite sum of

exponentially quadratic forms of expected CF and DR. The information about DR of a portfolio is

characterized by a one-factor model, and it is decomposed into information from marketwise DR

and time-varying DR exposure (beta). To extend this framework, I integrate a one-factor struc-

ture on the CF side by bringing in marketwise CF and time-varying CF exposure to explain the

CF of a portfolio. Adding this new ingredient, I endow the reduced-form model with the ability

to embed CF risk in cross sections and conform to the motivations in long-run risk theories.

This paper is related to the literature focused on determining the main driving force between

CF news and DR news in movement of prices and returns, including Vuolteenaho (2002), Camp-

bell and Vuolteenaho (2004), Chen and Zhao (2009), and Chen, Da, and Zhao (2013).4 These

studies evaluate the importance of DR news and CF news in the movement of stock prices or

returns. This paper focus on the validity of risk channels related to fluctuations in DR and CF,

specifically, test the likelihood of two models emphasizing different risks. This is the first pa-

per jointly test the DR risk model and CF risk model time-serially and cross-sectionally under

the present-value framework. From the aspect of results, this paper provides answers unifying

3 See Kelly and Pruitt (2012), Lettau and van Nieuwerburgh (2008), Cochrane (2008), van Binsbergen and Koi-
jen (2010), Pastor and Veronesi (2003, 2006), Pastor, Sinha and Swaminathan (2008), Ang and Bakaert (2007), and
Goyal and Welch (2003).

4 Also see Cohen, Polk and Vuolteenaho (2003) and Vuolteenaho (2002), among others.
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the seemingly conflicting results in previous literature. Emphasizing the DR risk, I argue that

the DR news causes larger movement in prices or expected returns, consistent with Campbell

and Vuolteenaho (2004). On the other hand, unexpected CF news, although not priced in ex-

pected returns, strongly moves realized returns. This is on the same wavelength as Chen, Da, and

Zhao (2013).

2 Model

In this section, I construct a present-value model to analyze variations in expected and realized

return. The cornerstone of the framework is the assumption that the price of an asset is equal to

the present value of all the dividends discounted by the expected returns. I derive the closed-form

expressions of the prices and returns in a general setup M0 in subsection 2.1. Afterward, I show

that both types of models characterized with CF and DR risks (MCF and MDR) can nest into the

general framework in subsections 2.2. This approach facilitates a head-to-head comparison of

the models featuring the two risks. In subsection 2.3, I briefly discuss the strategies of estimating

the model.

2.1 General Present-Value Model: M0

Let Pt be the price at time t; it is the discount value of all the future cash flows.

Pt = Et[
∞∑
s=1

(
s−1∏
k=0

exp(−µt+k))Dt+s], (1)

whereDt is the dividend distributed in the period [t−1, t). In this paper, all the measures of price,

return and dividend are in real terms, adjusted for inflation. The DR over the period [t, t + 1) is
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µt, which is defined as the log of expected return,

exp(µt) ≡ Et[
Pt+1 +Dt+1

Pt
] (2)

Let ∆dt+1 denote the log of dividend growth,

∆dt+1 ≡ log(
Dt+1

Dt

) (3)

I can rewrite Equation (1) as

Pt
Dt

= Et[
∞∑
s=1

(
s−1∏
k=0

exp(−µt+k + ∆dt+k+1))] (4)

As a result, the price–dividend ratio reflects variations in both CF (∆dt) and DR (µt). I use

conditional factor models to characterize CF and DR. This creates a hierarchy in the pricing of

assets: the pricing of individual stocks depends on the pricing of the market portfolio.

2.1.1 Market Portfolio Price

I first focus on the market portfolio. I label the market-level variables with superscript M from

here on. There are five factors in the market-level state vector to describe the information of

aggregate CF and DR: XM
t = [rft g

M
t (σMg,t)

2 zt (σMz,t)
2]′. The first is the risk-free rate. The next

four are conditional expectations and variances of the log of market dividend growth and excess

return, as defined in the following equations:

∆dMt+1 = gMt + σMg,tu
d
t+1 (5)

where gMt = Et(∆d
M
t+1) and (σMg,t)

2 = vart(∆dMt+1); and

rMt+1 ≡ log
Pt+1 +Dt+1

Pt+1

− rft = zt + σMz,tu
r
t+1 (6)
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where zt = Et(r
M
t+1) and (σMz,t)

2 = vart(rMt+1). These definitions are based on the assumption

that the realized log of dividend growth and excess return are their conditional expectations with

heteroskedastic shocks.

I include the state variables of volatility to address Jensen’s terms, which are potentially

important components in the risk premium. Combining equation (3) and equation (5), the log of

expected dividend growth is written as

log Et(exp(∆dMt+1)) = gMt +
1

2
(σMg,t)

2 (7)

Combining equation (2) and equation (6), the DR µMt , which is the log of expected return, is of

the form as

µMt = rft + zt +
1

2
(σMz,t)

2 (8)

Among the state factors, the risk-free rate is exogenous, and the other four factors are treated

as latent and endogenous. For simplicity of estimation, I use the state factors as the demeaned

ones, and their unconditional means are treated as model parameters. The state vector evolves as

a VAR(1) process.5

XM
t+1 = ΦMX

M
t + Σ

1
2
Mεt+1 (9)

I specify ΦM as diagonal for parsimonious reasons, but the variance is a set of full entries, which

allows all possible correlations in the shocks to the state vector.

Under the VAR dynamic, the state vector of current CF and DR is able to capture the infor-

mation of all future CF and DR. Therefore, I can link the latent state vector with the observable
5 It has been argued that expected dividenprice–dividendd growth rates have a persistent component; see, for

example, Fama and French (1988), Campbell and Cochrane (1999), Ferson, Sarkissian, and Simin (2003), and
Pastor and Stambaugh (2009). Further, many authors argue that the expected dividend growth is persistent, for
instance, Bansal and Yaron (2004) and Lettau and Ludvigson (2005).
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market price–dividend ratio in the following form.

PM
t

DM
t

=
∞∑
n=1

exp(aMn + bM
′

n XM
t ) (10)

The detail of the derivation is documented in Internet Appendix.

Equation (10) shows the price–dividend ratio is an infinite sum of exponential functions, a

nonlinear form of the state vector. To estimate the state vector more efficiently, I apply the log-

linearization6 to equation (10). The observable market lnpd is then approximated by a linear

function of the state vector.

lnpdMt = AM +BM ′XM
t + σMv v

M
t (11)

I approve the validity of this approximation method using simulations. There is little difference

between lnpd calculated using the exact form and the linear proxy.7

2.1.2 Individual Stock Price

I next develop the individual level pricing based on the market-level pricing. I label all factors

related to a specific stock P with superscript P . To capture the CF and DR of individual stocks, I

each employ a conditional one-factor model:

gPt +
1

2
(σPg,t)

2 = cP + γPt (gMt +
1

2
(σMg,t)

2) (12)

µPt − r
f
t = αP + βPt (µMt − r

f
t ) (13)

In equation (12), γPt stands for the exposure of stock P’s CF to the market CF, and cP is the

error in the level of CF under the conditional factor model. Similarly in equation (13), βPt is the

6 This methodology is proposed by King, Plosser and Rebelo (1988) and Campbell (1994)
7 See Internet Appendix.
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sensitivity of stock P’s DR to the aggregate DR and αP is the conditional alpha (pricing error) in

the level of DR.8

As a result, the state vector for individual stock P includes the time-varying CF and DR

exposures in addition to the market state vector XM
t : XP

t = [XM
t
′ γPt β

P
t ]′. Again, the dynamics

of the state vector are subject to an exogenous VAR(1) process:

XP
t+1 = ΦPX

P
t + Σ

1
2
P εt+1 (14)

Since the first five state factors of XP
t are identical to XM

t , the upper left 5× 5 blocks of ΦP and

ΣP are the same as ΦM and ΣM .

Following a similar procedure as for the market, one can represent the observable price–

dividend ratio of an individual stock as a function of current state vector. Notice that the CF and

DR of stock P are quadratic forms of the state vector XP
t . The price–dividend ratio is an infinite

sum of the exponential quadratic forms of XP
t .

P P
t

DP
t

=
∞∑
n=1

exp(aPn + bP
′

n X
P
t +XP

t

′
HP
nX

P
t ) (15)

Applying log-linearization in equation (15), the linear observation equation for stock P is

lnpdPt = APt +BP
t
′XP

t + σPv v
P
t (16)

The details for deriving these equations can be found in Internet Appendix.

In summary, the present-value model is a state-space model. The state vectorXP
t is latent and

subject to a VAR(1) process. The observation equations link the latent vector to the observable

8 Ample evidence support time-varying expected market returns (Ferson and Harvey, 1991,1993; Lettau and
Ludvigson, 2001; among others) and time-varying market beta (Ferson and Harvey, 1999; Ang and Chen, 2007;
Ang and Kistensen, 2012; among others). The structure of the model is therefore originally motivated by these
empirical findings.
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realized returns, dividend growth, and especially price–dividend ratios via the discounted cash

flow formula for both market and individual stocks. This model structure enables me to estimate

the latent factors given the observable information.

2.1.3 Returns and Expected Returns

In addition to the variation in lnpd revealed by equation (15), this paper also focuses on the

variation in expected and realized returns. As shown by Campbell and Shiller (1988), the log of

return relates to lnpd by

rPt+1 = κ0 + κ1lnpd
P
t+1 − lnpdPt + ∆dPt+1 (17)

Taking conditional expectations on both sides of equation (17), one can obtain the expected return

as

Et(r
P
t+1) = κ0 + κ1Et(lnpd

P
t+1)− lnpdPt + Et(∆d

P
t+1) (18)

According to this equation, the expected return reflects the expected updates in price level, as

well as the expected CF. Since the expected updates in price level include updates of information

about DR and CF, the expected return is supposed to be a function of both DR and CF factors.

Even though the DR factors in the state vector are designed to capture the expected returns, the

expected returns may still have bearings on the CF factors because (1) the DR and CF factors are

potentially correlated, and (2) the expected return is related to all future DR and CF.

In addition to the variations in expected returns, the variations in realized returns also con-

sist of variations in unexpected components. Subtracting equation (18) from equation (17), one

can divide the realized returns into expected and unexpected returns. The expected returns are

driven by the state variables of expected CF and DR. The unexpected returns can be separate into
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DR innovation (IDR), as the unexpected update in future DR, and CF innovation (ICF ), as the

unexpected update in future CF and realization in distribution.

rPt+1 = Et(r
P
t+1) + IPDR,t+1 + IPCF,t+1 (19)

For a detailed explanation of the separation, I redirect the reader to Appendix D.

Equation (18) and (19) not only describe the time-series variations in expected and realized

returns, but also decide the cross-sectional variations of their average. The average of the ex-

pected return is determined by the averages of DR and CF. The conditional one-factor model

depicting DR with time-varying exposure is a version of conditional CAPM. As in Jagannathan

and Wang (1996) and Lewellen and Nagel (2006), the average DR of stock P features an uncon-

ditional two-factor model.

µPt − r
f
t = αP + βP (z̄ +

1

2
(σMz )2) + cov(βPt , zt +

1

2
(σMz,t)

2) (20)

The level of expected return results from conditional alpha (αP ), the level of DR exposure (βP ),

as well as the covariance terms describing the stability of DR exposure. Furthermore, the present-

value model also allows influence on the mean of expected returns from the CF side. By the same

token as DR, the average of CF is

gPt +
1

2
(σPg )2 = cP + γP (gM +

1

2
(σMg )2) + cov(γPt , g

M
t +

1

2
(σMg,t)

2) (21)

The average of expected return may also depend on the level of CF exposure and covariance

terms relevant to CF.

For unexpected return, I relax the rational expectation assumptions on CF and DR and sum-

marize the average of realized returns of stock P as the sum of the mean of expected returns, DR
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innovations, and CF innovations.

rPt+1 = Et(rPt+1) + IDR + ICF (22)

A high level of realized returns may result from a high average of expected return, as well as

positive realizations of CF and DR innovations.

2.2 Models with CF and DR Risk

Notice that the model I present in the previous subsection is quite general, and the source of risks

driving the expected return is not yet specified. I next show how the models featuring CF and DR

risk can be nested in as special cases of the general modelM0. This hierarchy of model facilitates

my choice of the more likely risk to explain expected return as choice of the more likely model

to fit the data.

2.2.1 Constrained Model with CF risk: MCF

Long-run risk in cash flows is a potential way of explaining the risk premium puzzle and cross-

sectional anomalies.9 In this subsection, I also present a long-run risk model following the

models of Bansal and Yaron (2004), Bansal, Kiku, Shaliastovich and Yaron(2013) rather closely,

as a special case of the present-value model featuring cash-flow risks. A crucial assumption in

the long-run risk literature is the existence of a persistent long-run risk component in the dividend

growth. The specification equation (5) of cash flow is in accordance with this assumption. The

utility function the long-run risk models try to maximize is the Epstein and Zin (1989) utility

9 see Bansal and Yaron (2004), Bansal Dittmar and Lundblad (2005), Bansal Kiku and Yaron (2009), Bansal,
Kiku, Shaliastovich and Yaron (2013).
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function, and the log pricing kernel is therefore

mt+1 = θ log δ − θ

ψ
∆dMt+1 + (θ − 1)ra,t+1 (23)

Here δ is the discount factor, θ ≡ 1−ν
1−ψ−1 , with ν as risk aversion and ψ as the intertemporal

elasticity of substitution, and ra,t is the log return of the claim to aggregate consumption.

The following proposition provides necessary conditions on the market state variables in the

specification of long-run risk.

Proposition 1 Given the present-value model setup on market level as in equation (5), (6), (9),
and (11), if the pricing kernel takes the form in equation (23), the conditional expectation and
variance in excess return, zt and σMz,t, are linear in conditional variance in dividend growth.
There exists parameters of χ0, χ1 and υ0, υ1, such that

zt = χ0 + χ1(σg,t)
2 (24)

(σz,t)
2 = υ0 + υ1(σg,t)

2 (25)

As a result, the VAR coefficients of (σg,t)
2, zt and (σz,t)

2 are the same, and the correlation between
the shocks on the three state variables are ±1.

Φσg = Φz = Φσz (26)
ρσgz = ρσgσz = ρzσz = ±1 (27)

For the proof, I redirect the reader to the Appendix A.

At the market level, this proposition emphasizes the key implications from long-run risk

models, that the market CF (gMt ) and the CF volatility ((σMg,t)
2) are the only state factors. (σMg,t)

2

determines the market DR (zt) and the DR volatility ((σMz,t)
2). This requires the persistence in

the dynamics of (σMg,t)
2, zt and (σMz,t)

2 are all the same, and the shocks to these state variables are

perfectly correlated.

Regarding the portfolio-level implications, I state in the next proposition.

Proposition 2 With the present-value model setup for Stock P as in equation (14), (16), and the
pricing kernel of long-run risk model in equation (23), the risk exposure βPt linearly depends on
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the dividend growth’s loading in cash-flow γPt . There exists parameters of η0 and η1, such that

βPt = η0 + η1γ
P
t (28)

As a result, the VAR coefficients of βPt and γPt are the same, and the correlation between the
shocks on these two state variables is 1.

Φβ = Φγ (29)
ρβγ = ργβ = ±1 (30)

The proof is also shown in Appendix A.

At an individual stock level, the constraints characterizing MCF , require the DR exposure βPt

to reflect the sensitivity of the individual’s CF to aggregate CF. This proposition shows that the

market risk in this setting is identical to the risks from CF exposure γPt , and this risk is related

to the fluctuation in CF. As a result, the dynamics of βPt and γPt are supposed to have the same

persistence and common shocks.

2.2.2 Constrained Model with DR Risk: MDR

In this subsection, I embed the market risk of DR in the framework, specifically patterning it after

the habit formation models as in Campbell and Cochrane (1999) and Santos and Veronesi (2004,2010).

I follow the notation in Campbell and Cochrane (1999), and review the model in Appendix

A. The habit formation model can be captured by two key features, the habit state variable and

its dynamics. Here st is the log of consumption ratio surplus, reflecting the external habits, and

it is subject to a heteroskedastic AR(1)

st+1 = (1− φ)s̄+ φst + Λ(st)σc,tvt+1

where Λ(st) is the sensitivity function characterizing the heteroskedastic innovation in st.

The following proposition shows how Campbell and Cochrane (1999) is linked to the present-
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value model as a special case.

Proposition 3 Given the above notation of the habit formation model, there exists a specification
of Λ(st), such that the expected market excess returns is a function of st, zt = f(st); and the
expected excess return of asset P is given as

Et(r
P
t+1) +

1

2
vart(rPt+1)− (rft + πt) = βPt (zt +

1

2
(σMz,t)

2) (31)

where
βPt = covt(rPt+1, r

M
t+1)/vart(rMt+1) (32)

For the details of the proof, I redirect the reader to Appendix A.

At market level, this proposition does not impose any constraints to accommodate MDR.

Comparing the structures of model MDR and M0, the state variables st in MDR can be mapped

to the state variable zt in M0, showing that the DR factors may reflect the states of external habit.

Because one can arbitrarily select Λ(st), there must exist a choice of Λ(st) to ensure that the

state variable zt, which st is mapped to, characterizes the DR. Since the empirical analysis of

this paper focuses on the pricing in cross sections, the exact form of Λ(st) is not of interest for

studying. Given this choice of Λ(st), one can see MDR and M0 as equivalent to price the market.

At an individual stock level, the special case of MDR requires the time-varying beta to purely

reflect conditional sensitivity of individual stock returns to market returns. In the general model

M0, the time-varying beta may reflect other information. This restriction, however, specially

clarifies that beta is a risk channel associated with fluctuations in DR. Also it constitutes a crucial

observation equation for the time-varying beta.

2.3 Estimation Strategy

In this section, I sketch the Gibbs sampling algorithm for estimating the present-value model,

which is applicable to both general model M0 and the two constrained models MDR and MCF .
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The estimates of the latent variables and relevant parameters are used to investigate the impor-

tance of CF and DR risks in expected returns and explain the realized returns.

Notice that present-value model is a state-space model, and the latent state variables and the

parameters describing their dynamics are readily estimated by using the Gibbs sampling method.

The evolution dynamics are described by equation (14), for both the market level and the indi-

vidual level. The observation includes equations (5), (6), and (11) for the market level, as well as

equation (12), (13), and (16) for the individual stocks.

Since the pricing is ordered from the market level to the individual stock level, the es-

timation strategy also adheres to this sequence. I first estimate the market-level state vari-

ables of [gMt , (σ
M
g,t)

2, zt, (σ
M
z,t)

2] using Kalman filtering with the evolution equations and obser-

vation equations on market level.10 The set of market level parameters, Θ = (r̄f , ḡM , (σ̄Mg )2, z̄,

(σ̄Mz )2,ΦM ,ΣM , (σ
M
v )2) are estimated via iteration of the Gibbs sampling method. Provided

with the uniform estimates of the market-level state vector and parameters, I then draw the

posterior distributions of state vectors and parameters of individual stocks using the individual-

level data. The state variables [γPt , β
P
t ] are estimated using Kalman filtering, and the parameters

Θ = (γ̄P , β̄P ,ΦP ,ΣP , (σPv )2) are obtained using iteration of the Gibbs sampler.The details of the

algorithm including specification of the prior distributions are documented in Internet Appendix.

3 Data

In this section, I first describe the data and test portfolios employed by the empirical study. I then

summarize the observable variables from which the latent variables can be inferred.
10 See Carter and Kohn (1994).
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3.1 Data Description

In the empirical work, I use all NYSE, Amex, and NASDAQ common stocks for the period

1964 to 2012 from Center for Research in Security Price (CRSP) monthly files, merged with

accounting data from Compustat. To address time-series and cross-sectional returns, I estimate

the model on the market and seven groups of quintile portfolios reflecting anomalies in averages

of returns. The market portfolio is formed as the value-weighted portfolio containing all com-

mon stocks in the CRSP universe. The test portfolios are sorted by size, book-to-market ratios,

past returns, past idiosyncratic volatility, accrual component in earnings, capital investment, and

liquidity separately. I document the labels and the details of constructing the test portfolios in

Appendix B.

For each test portfolio, the observable variables are calculated as follows. Assuming the

dividends are reinvested in 3-month T-bills (nominal risk-free rate),11 one is able to compute the

observable dividend growth and lnpd from the value-weighted return with and without dividends.

All the dividend growth and returns are aggregated at an annual horizon to avoid seasonality, but

sampled at quarterly frequency to include more observations. The data structure brings up an

overlapping observation issue, as addressed by Hodrick (1992). My model can adapt to the

overlapping data, and Internet Appendix address the technical details of specifications and model

with overlapping data structure.

When the model MDR is being estimated, there is one more observation equation about the

time-varying beta itself. The observable benchmark of beta reflects the conditional covariance

between market and portfolio returns, and is directly estimated from short-window regressions,

11 I follow Chens (2009) argument that when stock returns enter the calculation of dividend, the CF effect on lnpd
from dividend growth is contaminated.
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following Lewellen and Nagel (2006). At the end of month t, one can simply run OLS with all

the daily returns in the following quarter after the month t to get the benchmark of beta.

3.2 Data Summary

Table 1 summarizes the observable variables of the market and other test portfolios. For each

sorting group, I choose the two extreme and the median portfolios for representative reporting.

In columns 1-6, I report the mean and the standard error of the excess return, dividend growth,

and the log price–dividend ratio. The last two columns report OLS estimates of the unconditional

alpha (α̂OLS) and the market beta (β̂OLS) under the unconditional CAPM.

[ Insert Table 1 Here]

The summary statistics reflect two features of the data. First, all three observables exhibit

large time-series and cross-sectional variations. The standard deviations of the three observables

are large for all portfolios, and the averages of the observables are dispersed. The valuation of

CF and DR risk is based on how well the corresponding model fits these patterns. Second, the

test portfolios demonstrate anomalies in the average of excess returns, which cannot be explained

by unconditional CAPM.12 For example, the portfolios sorted by momentum display a spread of

(9.4% − 0.8% =) 8.6% between average returns of “past winners” (MOM5) and “past losers”

(MOM1). Taking CAPM market factor into account unconditionally, the spread between uncon-

ditional alpha’s become even higher as 9.1%. The model in this paper breaks through with a new

approach from an unexpected perspective to explain these anomalies.

12 An extensive literature documents the anomalies in return associated with these seven sorting: size (Fama
and French 1992, 1993), book-to-market (Fama and French 1992,1993), momentum (Jagadeesh and Titman 1993),
idiosyncratic volatility (Ang, Hodrick, Xing, and Zhang 2006) , accruals (Sloan 1996), capital investment (Titman,
Sheridan, Wei, and Xie 2004; Liu, Whited, and Zhang 2009), illiquidity (Amihud 2002; Pastor and Stambaugh
2003).
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4 Results

In this section, I report a comprehensive analysis of the variations in expected and realized returns

using the proposed present-value model. First, in examining the variation in expected return, I

test whether the fluctuation of CF or DR is likely to be priced as risk, with both market-level

and individual-level stock data. Second, in examining the variation of realized return, I evaluate

the power of risk from expected return, as well as that of unexpected CF and DR innovations, in

explaining the time-series and cross-sectional realized return.

4.1 CF vs DR: Which is the more likely risk to model expected return?

To begin with, I argue that the DR risk is the more likely risk channel than the CF risk. One can

draw this conclusion by testing the hypotheses as summarized in the propositions characterizing

the CF and DR risk models. I list the hypothesized constraints associated with the risks at market

and individual levels in the diagram below. Proposition 1 governs the CF risk constraints at

market level, and Proposition 2 characterizes the CF risk at individual stock level. For DR risk,

there are no market-level constraints, because M0 is equivalent to a version of MDR at market

level, as shown in section 2.2.2. Proposition 3 specifies the constraints of DR risk at the individual

stock level.

MCF MDR

Proposition 1:
Market Level Φσg = Φz = Φσz -

ρσgz = ρσgσz = ρzσz = ±1
Proposition 2: Proposition 3:

Individual Stock Level Φβ = Φγ βPt =
covt(rPt+1,r

M
t+1)

vart(rMt+1)

ργβ = ±1

One can test these propositions with classical statistical tests using the posterior mean and
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posterior standard error of the factors and parameters from the Gibbs estimates. However, there

is one major drawback to the classical tests using Bayesian estimates: the low statistical power.

In Bayesian statistics, the Bayes factor test is the formal practice for quantifying the evidence in

favor of a scientific theory (Jeffreys 1935, 1960; Kass and Raftery 1995). For a model M1 under

hypothesis constraints and the general model M0 as the alternative, the Bayes factor (LR1) is

defined as twice the difference between posterior log-likelihood of M0 and M1 given the observ-

able data Y : LR1 ≡ 2(L(M0 | Y ) − L(M1 | Y )). The higher the Bayes factor, the more likely

the unconstrained model is true and the greater the evidence against the hypothesis. This test is

positively against the hypothesis (model M1) if the Bayes factor is greater than 2, and strongly

against it if greater than 6 (Kass and Raftery 1995). I calculate the posterior likelihood of the

models with the Gibbs outputs, following Chibs (1995). The details of the calculation can be

found in Appendix C.

In addition, to make a choice of the more likely risk model for expected return, I examine

whether the predictability of returns or dividend growth under each risk model is consistent with

the existing literature. Furthermore, I evaluate the importance of CF and DR in driving lnpd by

decomposing the time-series and cross-sectional variance of lnpd. The relative importance of DR

and CF variations in lnpd has great relevance to modeling the expected return. For example, the

crucial assumption of the long-run risk model is that lnpd is purely driven by the CF factors. As a

result, under the general modelM0, the higher the portion of the variance of lnpd that is attributed

to a factor, the more likely fluctuation in this factor is a risk.
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4.1.1 Proposition 1: CF Risk at Market Level

To begin with, I test Proposition 1 to examine CF risk at the market level. Recall this proposition

hypothesizes that the state variables of (σg,t)
2, zt, and (σz,t)

2 have the same VAR coefficients and

perfectly correlated shocks under M0. In this subsection, I provide three reasons for rejecting

these hypotheses.

First, I reject these hypotheses by using a classical test with the Bayes estimates. Table 2

reports the Bayes estimates of the market model parameters under M0 and MCF , separately in

panel A and panel B. For each row, the posterior mean is reported as the upper number and the

posterior standard error is reported as the lower one in parenthesis. The pertinent parameters

in Proposition 1 are the last three estimates in the second row as VAR coefficients, and the last

three in the bottom of correlation matrix of the shocks. Using these estimates, I jointly test this

proposition with a χ2
5 test and reject MCF overall, since the p-value is less than 0.001.

[Insert Table 2 Here]

To further examine the difference in model structure introduced by CF risk, I compare the cor-

responding parameters in panel A and panel B, and perform a t-test on each parameter to check

whether the estimates under the two different models are equal. As shown in the second row of

both panels, the market CF and DR factors are persistent under both M0 and MCF , consistent

with findings in Ferson et al. (2003) and Campbell and Cochrane (1999). However, there are

significant differences between the VAR coefficients in zt in the two panels. Under the general

model, the market DR factor is more persistent than when it is restricted to reflect CF volatility

only. Furthermore, the correlation between shocks of zt, (σz,t)
2, and (σg,t)

2 are significantly dif-

ferent from 1 as proposed in the hypothesis. In summary, the hypothesis is rejected due to the
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fact that variation in DR factor cannot be solely attributed to the change in CF volatility.

Second, the Bayes factor test rejects Proposition 1 and disproves CF risk as being plausible in

modeling market prices. I calculate the Bayes factor statistics as 10.8, which can be interpreted

as M0 being about (e10.8/2 =) 221 times more likely to generate the market data than MCF .

The inferior performance of the CF risk model also appears in fitting lnpd. Figure 1 compares

the fitting of observable lnpd from estimates of M0 and MCF . The fitting R2 values are 99% and

96%, respectively. Both models fit lnpd well overall; however, we can still observe that there is

more deviation in the fitting by model MCF .

[Insert Figure 1 Here]

Third, the predictabilities of market return and dividend growth under MCF are less consis-

tent with previous findings than those under M0. A large literature documents the existence of

predictability in equity returns and dividend growth.13 As a result, a model characterized by an

appropriate risk should produce expected returns and growth consistent with realizations. Since

the predictability patterns for market return and dividend growth under MCF contradicts former

findings, I consider this as evidence for disqualifying CF risk.

Compared with the general model M0, MCF contradicts the existence of return and dividend

growth predictability. I present estimates of the latent expected dividend growth gMt and expected

excess returns zt at market level in Figure 2. Under M0, the predictive R2 is 15% for the dividend

growth, and 4.8% for the excess return.14 My results are comparable to the predictability results

shown by van Binsbergen and Koijen (2010),15 and consistent with some other literature on
13 See Fama and French (1988), Campbell and Shiller (1988), Cochrane (2008), Menzly, Santos, and

Veronesi (2004), Goetzmann and Jorion (1995), among others.
14 R2 is calculated as 1− var(Realized V alue−Expected V alue)

var(Realized V alue) .
15 van Binsbergen and Koijen (2010) estimate a reduced-form present value model. Using the data of dividend

reinvested in cash, they show R2 of predicting return is 8.2%, and R2 of predicting cash flow is 13.9%.
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predictability; for instance, Ang and Bakaert (2007), Lettau and van Nieuwerburgh (2008), and

Cochrane (2008). All these papers report an R2 of predictability in return is between 2% and

5%. In contrast, the expected dividend growth and excess return have negative R2 under CF risk

model MCF , indicating the expectation is not a proper proxy for the realization.

[Insert Figure 2 Here]

The predictability literature better supports that lnpd predicts market returns but not dividend

growth (van Binsbergen and Koijen 2010). When lnpd goes up, one expects a drop in return, not

a rise in dividend growth. The estimates under M0 are consistent with this argument, while the

estimates under MCF show the opposite. Considering the left two panels in Figure 2 for M0, one

can see that lnpd well predicts the market returns, as zt negatively correlates with lnpd. When

lnpd was low in the late 1970s and early 1980s, zt reached its peak, but when lnpd was historically

high around 2000, zt was in the trough. According to nontabulated results, this correlation is -

0.92. The CF factor gMt is less correlated with lnpd, and the correlation is about 0.44. In contrast,

the two right panels tell a different story under MCF . The estimates demonstrate predictability

for dividend growth by lnpd, as the CF factor gMt becomes more correlated with lnpd. The

correlation between gMt and lnpd is 0.96. And the expected return zt covaries less with lnpd, with

a correlation of 0.28. However, this is inconsistent with the established empirical findings.

4.1.2 Proposition 2: CF Risk at Individual Portfolio Level

In the following steps, I test the CF risk using data at the individual portfolio level. There are

two reasons for employing the cross-sectional data. First, the risk is mostly reflected by cross-

section of expected returns since different levels of risks the stocks bear result in different levels
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of awards in the expected returns. Second, bringing more information in relative pricing increases

the sample size, therefore enhancing the power of the test.

Again, I begin with the classical statistical test. Proposition 2, associated with this scenario,

hypothesizes that the DR and CF exposures have the same persistence and perfectly correlated

shocks. Panel A of Table 3 reports the Gibbs estimates of Φβ and Φγ and the correlation between

their innovations ρβγ under general model M0. Overall, Proposition 2 is rejected by a joint χ2
70-

test, with a p-value of 0.001.

[ Insert Table 3 Here]

Taking a closer look at this proposition, I find the first part, Φγ = Φβ , cannot be rejected

using the t-test. Comparing the top left block with the middle left block in panel A of Table 3,

one can see the means of Φγ and Φβ for the same test portfolio are almost identical. Moreover,

the standard error of both estimates in the top and middle right blocks are large enough that this

part of the proposition cannot be rejected with a t-test.

The second part of Proposition 2, ρβγ = ±1 gets rejected. In the bottom left block of panel A,

I show that the correlations between the shocks of β and γ are significantly different from ±1 for

all portfolios, using a t-test. All ργβ’s are around zero, among which the largest deviation from

zero belongs to the second largest size portfolio (SIZE2), as 0.121. The standard errors of all the

estimates in the bottom right block are below 0.4. As a result, ±1 is outside of the two standard

error boundary around the posterior mean.

Furthermore, the Bayes factor test also rejects Proposition 2. In panel B of Table 3, the

LR statistics is 17.58 given all the test portfolios, indicating M0 is more than 6000 times more

likely to generate the cross-section of lnpd as observed. I also report the Bayes factors given the
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observation as portfolios within each sorting group and portfolios with different levels of returns;

the model with CF risks can only weakly explain these data because the Bayes factors are larger

than 6 in all cases.

At last, I show that CF risk is inconsistent with predictability of return and growth. Panel C

of Table 3 compares the predictive R2 for return and dividend growth under M0 with R2 under

MCF .16 The predictive R2 for returns of all test portfolios are around 2% under M0 as shown

in the top left block. This result is consistent with the predictability at market level. In contrast,

as shown in the top right block, 21 out of the 35 test portfolios have a negative predictive R2 for

returns under MCF . For the dividend growth, the bottom left block shows predictive R2 under

M0 ranges between 0.8% to 13.8%, while the R2 values under MCF in the bottom right block

are mostly smaller and negative. The lack of predictability undermines the rationality of the

expectations under the CF risks.

4.1.3 Proposition 3: DR risk at Individual Portfolio Level

Since there are no constraints associated with DR risk at market level, testing the DR risk with

the data of individual portfolios is sufficient. The proposition characterizing DR risk requires the

time-varying β to reflect the covariance between individual stock returns and the market returns.

The results of classical test, Bayes factor test, and examination of predictability all support the

DR risk.

To test this proposition in the classical way, one needs to compare β estimated under M0 with

the time-varying benchmark of β. The benchmark is calculated using short-window regression

of daily data as mentioned in section 2.3.

16 R2 is calculated in the same way as for the case of the market portfolio. The expected return and dividend
growth is calculated using CF and DR exposures and the corresponding market factors, as given by equation (12)
and equation (13).
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[Insert Figure 3 Here]

I find that this proposition cannot be rejected for all test portfolios. As representative illustrations,

Figure 3 shows the comparison of the estimated β under M0 and the benchmark for four test

portfolios. The two left panels are for the cases of two extreme portfolios sorted by book-to-

market ratio, and the two right panels are for the cases of two extreme portfolios sorted by past

returns. The solid lines are the benchmark of conditional β calculated by rolling regression of

daily returns. The dash-dotted lines represent the posterior mean of estimated β under M0, and

the dashed lines contour the boundary of the 95% confidence interval of the posterior distribution

of β. Although the correlations between posterior mean of β and the benchmark vary for different

test portfolios, the 95% confidence intervals mostly enclose the benchmark of β for all panels.

In addition, the p-values of a χ2 test of the identity in the proposition are above 0.05 for all test

portfolios.

The Bayes factor test on this proposition agrees that DR risk is an eligible risk channel given

individual portfolio data. The test statistics of Bayes factors are reported in panel A in Table 4.

Based on the data containing all test portfolios, the Bayes factor is -0.93, which slightly favors the

model with DR risks. In the test using the seven portfolios with the highest/medium/lowest return

in each sorting groups, the model with DR risks fits the data well, with negative Bayes factor in

all three scenarios. When testing the model by sorting groups, four out of seven sorting groups

have negative Bayes factors as evidence for the DR risk model MDR. Moreover, the evidence

against the DR risk model from the other three sorting groups is not strong, with all three LR

statistics being less than 6.

[Insert Table 4 Here]
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In examining the predictability under MDR, I find that the predictive R2 for returns and dividend

growth underMDR is consistent with the existence of predictability. In panel B of Table 4, theR2

values for returns range between 1.4% to 8.3%, and theR2 values for growth range between 0.6%

to 13.9% underMDR across all test portfolios. They are similar to correspondingR2 values under

M0, as reported in panel C of Table 3. Unlike CF risk, the DR risk can result in expectations that

feature in predicting their realizations.

4.1.4 Variance Decomposition in lnpd under M0

The result of this exercise demonstrates that DR dominates over CF in determining both dimen-

sions of time-series and cross-sectional variations in lnpd, therefore it adds credit to the DR risk.

First, I decompose the time-series variance of lnpdt into fractions driven by CF and DR

factors under the general model M0, following a general approach in the literature.17 I report

the estimated fractions in var(lnpdPt ) of each state variable in Panel A of Table 5. The details of

calculating the fractions are relegated to Appendix D.

[Insert Table 5 Here]

The results take the DR factor as the more important driving force of movement in prices, and

the market-level variation as more influential than the variation in portfolio specific exposures. In

the first row, I show that, on average over all test portfolios, the market DR (z) explains 91.1% of

the total variance of lnpd, dominating over the market CF (gM ), which accounts for a fraction of

26.9%. The fractions attributed to variation in CF and DR exposure (γ and β) are 0.4% and 1.0%

in the total variance of lnpd on average. The exposure information is insignificant compared with

market DR and CF factors, yet the DR exposure slightly outperforms the CF exposure. To show
17 see Campbell (1991), Campbell and Vuolteenaho (2004), Chen and Zhao (2009), Binsbergen and Koijen (2010),

and others.
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that the rank in explanatory power is not due to a special test portfolio, I report the maximum,

median, and minimum of the estimated fractions over all test portfolios in row 2-4 of Panel A, as

well as the decompositions using test portfolios with highest, medium, and lowest returns within

each sorting group in row 5-7 in Panel A. The pattern of importance in attribution is consistent in

all cases.

Second, one can cross-sectionally examine how the average of lnpd is affected by the average

of factors. The average of lnpd depends on the average of CF and DR. Therefore, the cross-

section variance is decomposed into variation in (1) the average of CF and DR exposures (γ̄ and

β̄), (2) the conditional errors of CF and DR (c and α), and (3) the covariances describing the

stability of the CF and DR exposures (cov(γ, gM), cov(γ, σ2
g), cov(β, z), and cov(β, σ2

z)). In

Table 5, panel B reports the fraction of the cross-sectional variance of lnpd attributed to each

component. The details of the calculation of the fraction are also relegated to Appendix D. As

the covariances of these statistics depicting cross-sectional pricing are double calculated, the sum

of these fractions is not necessarily equal to one.

In explaining the average of lnpd, the determinants on the DR side occupy the dominant

roles. β̄ accounts for 81% cross-sectional variation in lnpd. cov(βt, zt) explains a fraction of

22%, and α explains a fraction of 8%. On the other hand, the determinants on the CF side make

a poor contribution to the variation in lnpd. The R2 values explained by γ̄ and c are negative.

Yet cov(γt,σ2
g) is an exception, contributing 14% to the cross-sectional variation in lnpd. These

results are bases on the estimation from M0, but they are robust and don’t rely on the model used

for estimation.
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4.2 CF vs DR: Which is More Important in Determining Realized Returns

Given the DR risk as the more likely risk channel being priced in the expected return, it is natural

to investigate the following ideas: (1) how the expected and unexpected components together

drive the realized return in time series, and (2) whether the cross-section of average expected

return can fully justify the cross-section of average realized return.

To answer these two questions, I decompose the time-series and cross-sectional variance in

realized returns using the same method that was applied to lnpd in Section 4.1.4. Recall that the

realized return is the sum of expected return and unexpected DR and CF innovations as expressed

in equation (19). The variation in realized return is therefore due to the state factors affecting

expected returns, as well as the DR and CF innovations.

In the time-series variance dimension, I argue that the unexpected CF plays the largest role

in driving the realized returns. Panel A of Table 6 shows the fractions of time-series variance of

returns attributed to the changes in expected state factors and unexpected DR and CF innovations

under MDR, as the DR risk is highlighted in the last section. The weights of expected DR and

CF factors are dwarfed by the unexpected DR and CF innovations. According to the first row of

panel A, the variation in z only accounts for 25.9% of the total variance of return on average, and

gM only accounts for 12.5%. In contrast, the CF innovation explains 59.1% on average, and the

DR innovation explains 10.6% of the total variance in returns. To make sure these results are not

due to only a few test portfolios, I provide a robustness check in the other rows of panel A.

[Insert Table 6 Here]

In the cross-sectional dimension, the results demonstrate that the cross-section of average

expected returns, which are explained by the conditional risks, contribute to but are not sufficient
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to explain the cross-section of average realized returns. When estimating the model, I pin down

the cross-sectional averages of DR and CF with the information about lnpd only. By doing so, I

relax the assumption of rational expectation for returns and growth. Therefore, the averages of

unexpected DR and CF innovations may not be zero, and a large fraction of average return spread

is due to the average of unexpected CF. Bringing expected and unexpected components together,

I can readily explain the cross-section of average realized returns.

Before jumping to the decomposition results in detail, I first exhibit the cross-sectional pat-

terns of the determinants affecting the level of realized returns to intuit some meanings. In Figure

4, I display the cross-sections of these determinants under the DR risk model. The patterns are

robust if one chooses M0 or even MCF .

[Insert Figure 4 Here]

The upper left panel plots the cross-section of the conditional DR error α. I choose four represen-

tative sorting groups as SIZE, B/M, MOM, and LIQ to show the patterns. For all portfolios, α is

very small, mostly under 0.5% annually, and the cross-sectional pattern is flat, hardly explaining

any dispersions in returns.

The upper right and the lower left panels in Figure 4 exhibit cov(β, zM) and cov(β, (σMz )2).

For all four sorting groups, the cross-sections of cov(β, zM) and cov(β, (σMz )2) are in line with

the patterns of cross-sectional returns. The portfolios with higher excess returns also have higher

covariance terms describing the stability of β. This relation is consistent with the conditional

CAPM literature, such as Jagannathan and Wang (1996). However, quantitatively, the covariance

terms are still too small to fill the gap.

Lastly, the lower right panels show the average of unexpected CF innovations (ICF ), which
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is calculated as the difference between the level of realized and expected dividend growth. One

can see that the patterns of ICF are in line with the realized returns for all sorting groups. For

example, ICF for the value portfolio (BM5) is higher than that for the growth portfolio (BM1)

by 4 percentage points. For momentum sorted portfolios, the spread of ICF between past winner

(MOM5) and past loser (MOM1) is 8%. The quantity scale is large enough to potentially match

the spreads in the unconditional alpha (αu) shown in the summary Table 1.

The decomposition results substantiate the power of unexpected CF in explaining the spreads

in realized returns. Panel B of Table 6 reports the fractions in the cross-sectional variation in

realized returns explained by each determinant. The first column shows results under MDR. The

largest portion, a fraction of 64.6%, of the cross-sectional variance of returns is attributed to ICF .

The covariance terms reflecting the stability of market beta determine the cross section of ex-ante

expected return, hence realized return, as motivated by conditional CAPM: cov(β, z) accounts

for 22.2%, and cov(β, σ2
z) accounts for 14% of the cross-sectional variance of returns. The com-

ponent influencing the expected CF c and cov(γ, gM) also contribute to the returns dispersion,

but in a weaker way, accounting for 10% and 5.6% of the total cross-sectional variance of return,

respectively. The levels of DR exposure β̄ and CF exposure γ̄, however, do not explain the return

spreads. Taking all the factors into account, 81.2% of the cross-sectional average returns can be

justified. These results are robust to the model I choose, and one can observe similar results in

columns 2 and 3 in the table.

In summary, the realized returns reflect not only the variations in expectation, but the varia-

tions outside expectation as well. These unexpected variations are primarily attributed to the CF

innovations. The unexpected CF innovations drive the realized returns’ time-series variations.

Furthermore, the overall level of the unexpected outcomes in dividend distribution is a key aspect
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affecting the average of realized returns.

5 Conclusion

This paper presents a general present-value model that treats CF and DR factors as time-varying

and latent. Assuming the exogenous VAR(1) dynamic for these factors, I develop closed-form

formulae linking the state factors with the observable price–dividend ratios, realized returns and

dividend growths. Estimating the model using Gibbs sampling method on portfolios capturing

the most common anomalies, I provides a comprehensive analysis on the time-series and cross-

sectional variations of stock returns.

First, the model can make a judgment of the likelihood of CF risk and DR risk. Both the

model characterized by CF risk, as in Bansal and Yaron (2004), and the model characterized

by DR risk, as in Campbell and Cochrane (1999), can nest as a special case of the model by

imposing constraints on the pricing kernel. I argue that the DR risk dominates according to the

Bayes factor test constructed by the estimates. Moreover, under the model dominated by DR risk,

the expected return and dividend growth display predictability in the realizations.

Second, since the DR risk model is a version of conditional CAPM, I find the conditional

CAPM can explain well the cross section of ex-ante expected return. The dispersions in the

ex-ante expected return are due to the level and stability of time-varying market beta.

Third, the ex-ante return is not sufficient to justify the ex-post realized return. The difference

is mainly due to unexpected CF shocks. Integrating both expected and unexpected variations, the

model can explain 80% of the dispersions in realized excess returns cross-sectionally.

A future possible extension from this paper is to apply its reduced-form model to evaluate

liquidity effects by including time-varying and latent liquidity factors. The liquidity effects may
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be a breakout in explaining asset prices, especially those in an illiquid market.
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Appendix
A Proof of the Propositions
In this section, I present the proofs of the Propositions 3, 1, 2 in the main body of the text.

Proof of Proposition 1
In following Bansal, Kiku, Shaliastovich and Yaron (2013), I assume that the market portfolio gives the aggregate
consumption.18 The total wealth portfolio’s return, i.e. market return, is of the form

rM,t+1 = κ0 + κ1lnpd
M
t+1 − lnpdMt + ∆dMt+1

According to the assumption of long-run risk model, the log price-dividend ratio only depend on the long-run ex-
pectation and conditional volatility of ∆dMt+1.

lnpdMt+1 = A0 +A1g
M
t +A2σ

2
g,t

In the equation above,A0,A1 andA2 are parameters, whose exact forms are ready to pinned down, but not important.
The log of pricing kernel in the Bansal Yaron (2004) model ismt+1 = θ log δ− θ

ψ∆dMt+1+(θ−1)ra,t+1. Without
loss of generality, I identify ra,t+1 with the market return. By log-linearization in Campbell and Shiller (1991), the
return is approximated by ra,t+1 = κ0+κ1lnpd

M
t+1−lnpdMt+1+∆dMt+1. Here the log of price-dividend ratio depends

only on the long-run component in dividend growth and its conditional volatility by the assumption of long-run risk
model.

lnpdMt = A0 +A1g
M
t +A2(σMg,t)

2

Plug it into the equation of aggregate returns, I can show that the innovation in the aggregate return is

ra,t+1 − Et(ra,t+1) = κ1A1Σ
1
2
ggε

g
t+1 + κ1A2Σ

1
2
σgσgε

σg

t+1 + σMg,tu
d
t+1

As a result the conditional variance in the return is linear in (σMg,t)
2.

(σMz,t)
2 ≡ Vart(ra,t+1) = (σMg,t)

2 + const

Plug the innovation in aggregate returns in the log of pricing kernel, I get the innovation in the pricing kernel as

mt+1 − Et(mt+1) = (θ − 1− θ

ψ
)σMg,tu

d
t+1 + (θ − 1)[κ1A1Σ

1
2
ggε

g
t+1 + κ1A2Σ

1
2
σgσgε

σg

t+1]

The risk premium is therefore given by

zt ≡ Et(ra,t+1 − rft ) = −Covt(mt+1, ra,t+1)− 1

2
Vart(ra,t+1)

= −(θ − 1− θ

ψ
)(σMg,t)

2 − (θ − 1)κ2A2
1Σgg − (θ − 1)κ21A

2
2Σσgσg

− 1

2
(σMz,t)

2

I show that zt is linear in (σMg,t)
2 and (σMg,t)

2, and since (σMz,t)
2 is linear in (σMg,t)

2, zt is only a linear function of
(σMg,t)

2. The restrictions in the parameters are necessary given the linear relationships.

18 It is a traditional practice of substituting the return to aggregate wealth with the return on the stock marke in the
static CAPM literature. It has also been practiced in empirical work based on recursive preferences (e.g., Epstein
and Zin (1991) among others). The main reason of my choice of this assumption is that the empirical analysis this
paper focus is the relative pricing in cross sections, this expedition in modeling has no influence on the covariances
of the cash-flows and the discount rates.
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Proof of Proposition 2
It suffices to show that the market risk β is linear in the cash-flow exposure γ. For a specific Portfolio P , the pricing
equation is

Et(r
P
t+1) +

1

2
Vart(r

P
t+1)− rft = −Covt(r

P
t+1,mt+1)

=
Covt(r

P
t+1,mt+1)

Covt(ra,t+1,mt+1)
[−Covt(ra,t+1,mt+1)]

The term in the bracket is the price of risk, and the ratio of covariances is the market risk β. Given the assumption
that the only resource is the long-run risk from the cash-flow. The β is therefore linear in the cash-flow exposure γ.

Proof of Proposition 3
In reviewing Campbell and Cochrane (1999), the utility function maximized by identical agents

E

∞∑
t=0

δt
(Ct −Hbt)−ν − 1

ν − 1

Here δ is the time discount factor, Ct is the level of consumption and Hbt is the level of habit. Without loss of
generality, I follow the original paper by setting the consumption growth as i.i.d.

∆ct+1 ≡ log
Ct+1

Ct
= gct + σc,tvt+1

The log of pricing kernel is therefore

mt = log δ − ν(st+1 − st)− ν∆ct+1

Here st is the log of surplus consumption ratio St ≡ Ct−Hbt
Ct

, and it subjects to a heteroskedastic AR(1)

st+1 = (1− φ)s̄+ φst + Λ(st)σc,tvt+1

where Λ(st) is the sensitivity function characterizing the heteroskedastic innovation in st. Denote λt as zt+ 1
2 (σMz,t)

2.
If the pricing kernel can be put in the form of

mt+1 = −rft −
1

2

λ2t
(σMz,t)

2
− λt
σMz,t

vt+1

, then equations (31) and (32) are satisfied. Comparing the above form of pricing kernel with the Campbell and
Cochrane (1999) pricing kernel, as long as Λ(st) and gMt satisfying

λt = ν(1 + Λ(st))σg,tσz,t

rft = − log δ + νgMt + ν[(φ− 1)(st − s̄)]−
1

2
ν2(1 + Λ(st))

2(σMg,t)
2,

then the Campbell and Cochrane (1999) model is embedded in the present-value model as a special case automati-
cally.

B Detail of Portfolio Sorting
I employ 35 test portfolios, which are seven groups of quintile portfolios sorted on different stock characteristics.
These portfolios are common portfolios reflecting the anomali in the cross-sectional returns. For each sorting, I label
the portfolios according to the alpha relative to the unconditional CAPM. The portfolios with the lowest alpha are
labeled by number “1”, while the portfolios with highest alpha are labled as number “5”.

The size portfolios (SIZE1-SIZE5) are formed at the end of each December based on the market capitalization
at the end of year.The book-to-market portfolios (BM1-BM5) are rebalanced at the end of June in every year, based
on the book-to-market ratio of each stock. The practice of forming both sets of portfolios follow the instruction
in Fama and French (1992). We form and rebalance the momentum portfolios (MOM1-MOM5) by the rank of
past returns between month t − 12 and month t − 1, at the end of each quarter of a year, following Jegadeesh and
Titman (1993). The set of idiosyncratic volatility portfolios (VOL1-VOL5) are constructed as described in Ang et al
(2006). In accordance with the notation in their paper, we construct a 3/0/3 portfolio, which means the portfolios
are rebalanced at the end of a quarter and held for three months, according to the idiosyncratic volatility in the past
quarter. We form the the quintile Accruals portfolios (ACC1-ACC5) at the end of each March in year t based on the
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Accrual component in the earnings at the end of the year t − 1. The definition of the accrual is from Sloan (1996).
We sort tertile portfolios (CI1-CI5) at the end of each June based on the capital investment of the previous year,
following Titman, et al (2004) and Liu, et al (2009). The last sets of tertile portfolios (LIQ1-LIQ5) are formed by
sorting on the liquidity of the stocks, using the liquidity measure constructed in Amihud (2002).

C Details of Calculating Bayes Factor
Denote M1 as the model characterized by the hypothesis I want to test and M0 is the general model without hy-
pothetical constraints. The Bayes factor to test the hypothesis characterizing model M1 is calculated as 2(L(M0 |
Y ) − L(M1 | Y )), which is twice of the difference between marginal likelihood of the the two models given
observable data Y . It suffices to show how to calculate these two marginal likelihood.

The methods of calculating these two marginal likelihoods are the same, following Chibs (1995). The marginal
likelihood is obtained using output from Gibbs sampling. Without loss of generality, I show this algorithm of
L(M0 | Y ) only.

Suppose p(Y |Θ, X) is the sampling density (likelihood function) and π(Θ) and π(X) are the prior density.
Then, the marginal likelihood can be written as

p(M0 | Y ) =
p(Y |Θ, X)π(X)π(Θ)

p(X,Θ | Y )

owing to normalized by posterior density of latent variables and parameters p(X,Θ | Y ). This identity holds for any
Θ and Xt. For any value of Θ∗ and X∗t , the proposed estimates of log of marginal density is therefore

L(M0 | Y ) = log p(Y | Θ∗, X∗) + log π(Θ∗) + log π(X∗)− log p(Θ∗, X∗ | Y )

The likelihood function and priors density are ready given any specification of X∗ and Θ∗. I only need to estimate
the posterior density. As the Gibbs sampler is defined through iterations of conditional density of X and Θ, the log
of posterior density of latent variables and parameters can be written as

log p(Θ∗, X∗ | Y ) = log p(Θ∗ | X∗, Y ) log p(X∗ | Y )

The first term is the marginal coordinate, which can be estimated by initial draw of Gibbs sampler. The second term
is given by

p(X∗ | Y ) =

∫
p(X∗ | Θ, Y )p(Θ | Y )dΘ

This can be estimated by draws from the reduced complete conditional Gibbs run.

p̂(X∗ | Y ) = N−1
N∑
j=1

p(X∗ | Θ(j), Y )

D Details of Calculating Fractions of Variation in Variance
Decomposition

In this section, I present how to calculate the fractions accounted by state variables, in decomposition of the time-
series and cross-sectional variance of lnpd, expected and realized returns.

In general, the state vector with I variables can be written as Xt = (x
(i)
t )Ii=1. Notate the state vector muting the

i− th variable as X(−i)
t .

D.1 Time-series Variance Decomposition
I first address the time-series variance decomposition. As aforementioned in Equation (I.C .2), the lnpd is a function
of these state variables.

lnpdt = lnpd(Xt) ≡ AP +BP ′Xt +X ′tQ
PX ′t (D.1)

The the fraction of time-series variance of lnpd explained by the i− th (i ≤ I) state variable is therefore,

R2
i = 1− var(lnpd(X−it ))

var(lnpd(Xt))

The expected and realized return can also be written as function of state vector Xt, by virtue of lnpd. Using
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Campbell and Shiller (1988) log-linearization, the expected return relates to the expected and current lnpd.

Et(r
P
t+1) = κ0 + κ1Et(lnpd

P
t+1)− lnpdPt + Et(∆d

P
t+1) (D.2)

From Equation (D.1), one can derive the expected lnpd as function of state vector Xt.

Et(lnpdt+1) = AP +BP ′ΦPXt +X ′tΦ
′
PQ

PΦPXt (D.3)

Therefore one can see Et(rt+1) = Er(Xt) is a function of the state vector Xt.
Then the fraction of time-series variance of expected return explained by the i− th (i ≤ I) state variable is,

R2
i = 1− var(Er(X−it ))

var(Er(Xt))

For the realized return, Campbell and Shiller (1988) shows it has three components, expected return, unexpected
shock in lnpd and unexpected distribution in CF.

rt+1 = Et(rt+1) + κ1(lnpdt+1 − Et(lnpdt+1)) + (∆dt+1 − Et(∆dt+1)) (D.4)

As the shock in lnpd has both DR and CF information, I further decompose it into two shocks: one is purely due to
change in DR (IDR) and the other is purely due to change in CF (ICF ).

κ1(lnpdt+1 − Et(lnpdt+1)) = IDR,t+1 + I ′CF,t+1 (D.5)

where
IDR,t+1 =

1

2
κ1[(lnpd(µt+1, ωt+1)− lnpd(µt, ωt+1)) + (lnpd(µt+1, ωt)− Et(lnpdt+1))] (D.6)

I ′CF,t+1 =
1

2
κ1[(lnpd(µt+1, ωt+1)− lnpd(µt+1, ωt)) + (lnpd(µt, ωt+1)− Et(lnpdt+1))] (D.7)

I then combine the shocks due to update in CF and unexpected realization of CF together to get ICF,t+1 = I ′CF,t+1+

(∆dt+1 − Et(∆dt+1)).
As a result, besides the state vector Xt, the realized return is also function of these two unexpected components,

rt+1 = r(Xt, IDR,t+1, ICF,t+1). For convenience, I notate IDR,t+1 as xI+1
t , and ICF,t+1 as xI+2

t .
The fraction of time-series variance of realized return explained by the i− th (i ≤ I + 2)state variable is

R2
i = 1− var(r(X−it ))

var(r(Xt))

D.2 Cross-sectional Variance Decomposition
I first illustrate the cross-section variation decomposition in a general notation. Suppose one is interested in analyzing
the cross-sectional variation in the average of f , and the average of f is of the function form of K cross-sectional
statistics s1, ..., sK .

f̄P = f̄(sP1 , ..., s
P
K)

Therefore, the fraction of the cross-sectional variance attributed to the k − th cross-sectional statistics is calculated
as the remaining portion that cannot be explained by the other arguments.

R2
k = 1−

var(f̄(sP1 , ..., s
P
k−1, 0, s

P
k+1, ..., s

P
K)

var(f̄(sP1 , ..., s
P
K))

(D.8)

To analyze the cross-sectional variance of lnpd, expected and realized returns, one need to find the function
forms of their mean. Taking unconditional expectation on both sides of Equation (D.1), (D.2) and (D.4), one can see
the mean of lnpd and returns as function of cross-sectional statistics characterizing mean of DR and CF of individual
stocks. I use over-line to notate for the average.

lnpdPt = lnpd(β̄P , αP , cov(βP , z), cov(βP , (σz)
2), γP , cP , cov(γP , g), cov(γP , (σg)

2)) (D.9)

Et(rPt+1) = Er(β̄P , αP , cov(βP , z), cov(βP , (σz)
2), γP , cP , cov(γP , g), cov(γP , (σg)

2)) (D.10)

rPt+1 = r(β̄P , αP , cov(βP , z), cov(βP , (σz)
2), γP , cP , cov(γP , g), cov(γP , (σg)

2), IDR, ICF ) (D.11)
Plugging these functions forms in Equation (D.8), one can obtain the fraction of the total cross-section variance

of various observables attributed to each explaining components.
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Table 1: Summary Statistics

I report summary statistics of the market portfolio, as well as the other test portfolios which are sorted on size, book-
to-market, momentum, idiosyncratic volatility, accrual component in earnings, capital investment and liquidity. I
choose the two extreme and the median portfolio within each quintile sorting group to report. Data are from CRSP
and Compustat, spanning from Jan 1964 to Dec 2012. The variables are sampled at quarterly frequency but measured
at annual horizon. The mean and standard error are annualized. The excess returns are defined as returns in excess
of the annualized 3-month Treasury bill rate. In the last two columns, I report OLS estimates of the alphas and betas
from unconditional CAPM, by regressing the quarterly portfolio annual excess return on the market excess returns.

OLS Estimates
µ(Re) σ(Re) µ(g) σ(g) µ(lnpd) σ(lnpd) αu βu

Market Portfolio 0.054 0.174 0.011 0.069 3.616 0.406 0.000 1.000

Size Portfolios

SIZE1 (Large Cap) 0.051 0.169 0.006 0.069 3.575 0.442 0.000 0.948
SIZE3 0.074 0.204 0.026 0.121 3.932 0.546 0.016 1.082
SIZE5 (Small Cap) 0.078 0.259 0.036 0.176 4.372 0.516 0.014 1.186

B/M Portfolio

BM1 (Growth) 0.046 0.188 0.010 0.125 4.083 0.387 -0.009 1.026
BM3 0.063 0.169 0.008 0.111 3.400 0.448 0.016 0.882
BM5 (Value) 0.096 0.193 0.031 0.265 3.436 0.476 0.046 0.928

Momentum Portoflios

MOM1 (Losers) 0.008 0.249 -0.059 0.410 3.769 0.540 -0.057 1.216
MOM3 0.044 0.164 0.000 0.142 3.506 0.403 -0.004 0.886
MOM5 (Winners) 0.094 0.209 0.059 0.362 4.087 0.588 0.034 1.098

Idiosyncratic Portfolios

VOL1 (Volatile) -0.007 0.349 -0.073 0.712 5.428 1.070 -0.092 1.572
VOL3 0.067 0.246 0.011 0.247 4.379 0.799 -0.004 1.310
VOL5 (Stable) 0.058 0.151 0.012 0.067 3.469 0.410 0.013 0.829

Accural Portfolios

ACC1 (High Accrual) 0.023 0.206 -0.012 0.214 4.201 0.580 -0.037 1.110
ACC3 0.057 0.169 0.002 0.166 3.579 0.508 0.008 0.912
ACC5 (Low Accrual) 0.071 0.199 0.041 0.198 3.798 0.528 0.013 1.068

Capital Investment Portfolios

CI1 (High Cap Invest) 0.050 0.181 0.007 0.190 3.860 0.499 -0.004 0.999
CI3 0.054 0.160 0.009 0.163 3.542 0.413 0.006 0.887
CI5 (Low Cap Invest) 0.080 0.202 0.038 0.222 3.924 0.602 0.021 1.099

Liquidity Portfolio

LIQ1 (Liquid) 0.050 0.162 0.007 0.094 3.464 0.391 0.002 0.905
LIQ3 0.083 0.200 0.025 0.183 3.704 0.466 0.029 0.986
LIQ5 (Illiquid) 0.090 0.238 0.043 0.319 4.002 0.456 0.031 1.095
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Table 2: Estimates of Market Parameters under M0 and MCF

Panel A: Estimates under General Model M0

rf gM (σMg )2 z (σMz )2

Average 0.009 0.011 0.004 0.057 0.032
(0.002) (0.005) (0.000) (0.013) (0.000)

VAR coeff. Φ 0.938 0.958 0.671 0.984* 0.709
(0.017) (0.034) (0.321) (0.008) (0.182)

Shock Variance Σ 0.084 0.041 0.007 0.011 0.461
(0.009) (0.047) (0.006) (0.006) (0.240)

Correlation Between Shocks:ρ
gt (σMg,t)

2 zt (σMz,t)
2

rft -0.244 -0.041 0.269 0.148
(0.302) (0.368) (0.260) (0.377)

gt -0.053 -0.369 -0.142
(0.401) (0.277) (0.355)

(σMg,t)
2 -0.027* -0.032*

(0.412) (0.395)
zt 0.199*

(0.358)
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Panel B: Estimates under CF Model MCF .

rf gM (σMg )2 z (σMz )2

Average 0.009 0.012 0.004 0.056 0.033
(0.002) (0.005) (0.000) (0.012) (0.000)

VAR coeff. Φ 0.939 0.975 0.684 0.684 0.684
(0.017) (0.009) (0.184) (0.184) (0.184)

Shock Variance Σ 0.084 0.017 0.008 1.017 0.444
(0.009) (0.016) (0.004) (1.045) (0.630)

Correlation Between Shocks:ρ
gt (σMg,t)

2 zt (σMz,t)
2

rft -0.548 0.551 0.551 0.551
(0.316) (0.289) (0.289) (0.289)

gt -0.514 -0.514 -0.514
(0.299) (0.299) (0.299)

(σMg,t)
2 1.000 1.000

(0.000) (0.000)
zt 1.000

(0.000)

Note to Table 2 I report the Gibbs estimates of posterior mean and standard error of the parameters related
to the market. For each parameter, the upper row is the posterior mean, and the posterior standard error is
reported in the lower row with parenthesis. Panel A shows estimates underM0 orMDR, as they are equivalent
at market level. Panel B shows estimates under MCF . For each parameter, I perform a t-test on the equality
of estimates under different models, and using asterisk showing the significance (“*”: p < 0.01) in panel A.
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Table 3: Rejecting the CF Risk Model MCF at Individual Level

Panel A: Classical Test

Joint χ2 test of Proposition 2: pχ2 = 0.001

m(Φβ) s(Φβ)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.845 0.780 0.886 0.904 0.908 0.469 0.464 0.469 0.469 0.469
BM 0.876 0.832 0.914 0.903 0.865 0.473 0.467 0.475 0.474 0.468
MOM 0.831 0.830 0.716 0.776 0.789 0.454 0.456 0.453 0.455 0.459
VOL 0.868 0.858 0.809 0.842 0.867 0.448 0.458 0.460 0.469 0.474
ACC 0.763 0.700 0.683 0.671 0.725 0.452 0.447 0.450 0.448 0.446
CI 0.638 0.988 0.812 0.714 0.825 0.430 0.494 0.424 0.442 0.463
LIQ 0.895 0.903 0.912 0.930 0.906 0.479 0.469 0.470 0.475 0.464

m(Φγ) s(Φγ)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.851 0.764 0.866 0.895 0.901 0.474 0.461 0.476 0.474 0.468
BM 0.877 0.787 0.892 0.891 0.863 0.476 0.466 0.482 0.471 0.455
MOM 0.827 0.816 0.674 0.773 0.772 0.451 0.473 0.442 0.449 0.437
VOL 0.872 0.866 0.825 0.821 0.847 0.447 0.452 0.456 0.474 0.472
ACC 0.773 0.682 0.673 0.671 0.748 0.451 0.444 0.451 0.446 0.442
CI 0.643 0.929 0.909 0.721 0.833 0.435 0.464 0.455 0.449 0.459
LIQ 0.901 0.892 0.905 0.923 0.896 0.485 0.472 0.476 0.476 0.463

m(ργβ) s(ργβ)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.042* 0.140* -0.062* 0.071* 0.119* 0.336 0.393 0.320 0.356 0.377
BM 0.121* -0.038* 0.076* 0.058* 0.025* 0.351 0.280 0.384 0.368 0.358
MOM 0.060* -0.038* 0.039* 0.063* 0.128* 0.362 0.287 0.359 0.387 0.368
VOL 0.080* 0.041* 0.008* -0.010* 0.048* 0.354 0.357 0.355 0.306 0.381
ACC 0.109* 0.004* -0.018* 0.123* 0.036* 0.390 0.320 0.309 0.382 0.375
CI 0.088* -0.200* 0.036* -0.012* -0.010* 0.377 0.260 0.236 0.341 0.329
LIQ 0.002* 0.048* 0.104* 0.115* -0.057* 0.322 0.354 0.367 0.396 0.308

Panel B: Bayes Factor Test

ALL Size B/M MOM VOL ACC
LRCF 17.6 12.6 8.3 12.3 7.6 25.2

CI LIQ High Ret Med Ret Low Ret
LRCF 21.7 10.5 14.0 7.3 33.2
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Panel C: Predictive R2 in under M0 and MCF

R2 for Return

M0 MCF

Low Return 2 3 4 High Return Low Return 2 3 4 High Return
SIZE 0.021 0.020 0.020 0.022 0.023 0.050 -0.025 -0.029 -0.003 -0.025
BM 0.017 0.020 0.024 0.026 0.019 0.046 -0.022 -0.023 -0.005 -0.022
MOM 0.017 0.022 0.022 0.023 0.022 0.049 -0.004 -0.008 0.061 -0.003
VOL 0.016 0.014 0.020 0.022 0.025 0.022 0.052 0.031 0.027 0.018
ACC 0.021 0.020 0.020 0.021 0.020 -0.025 0.050 -0.029 -0.033 -0.016
CI 0.020 0.022 0.026 0.020 0.022 -0.008 -0.025 -0.050 -0.020 -0.023
LIQ 0.023 0.021 0.021 0.030 0.029 0.045 -0.011 -0.016 0.050 0.050

R2 for Dividend Growth

M0 MCF

Low Return 2 3 4 High Return Low Return 2 3 4 High Return
SIZE 0.137 0.051 0.066 0.068 0.032 -0.151 0.013 -0.044 -0.001 0.092
BM 0.040 0.041 0.039 0.062 0.048 0.010 0.074 0.048 0.022 0.060
MOM 0.018 0.015 0.055 0.031 0.015 0.058 -0.012 -0.079 -0.027 0.017
VOL 0.021 0.013 0.015 0.050 0.120 -0.009 -0.011 0.065 0.028 -0.071
ACC 0.037 0.034 0.022 0.057 0.006 0.012 -0.018 -0.095 -0.088 -0.079
CI 0.022 0.052 0.031 0.027 0.018 0.040 -0.002 -0.180 -0.059 0.049
LIQ 0.093 0.038 0.033 0.028 0.008 0.006 0.061 0.014 0.013 -0.023

Note to Table 3 I provide evidence that rejects MCF using individual stock data from three aspects. The
associated hypothesis is Proposition 2: the CF and DR exposure has the same VAR coefficients and their
shocks are perfectly correlated.

Φγ = Φβ ; ρβγ = ±1

Panel A reports the posterior mean (m(·)) and standard error (s(·)) of the pertinent parameters for the 35 test
portfolios. For each parameter I also perform t-test on its specified hypothesis in the proposition and report
the significance using asterisk (“*”:p < 0.01).
Panel B reports Bayes factor as the log of the posterior likelihood ratio of the general model M0 over the CF
risk model MCF , given various test data D.

LRCF = 2 log
Pr(M0 | D)

Pr(MCF | D)

Panel C compare the predictive R2 under M0 and MCF at individual portfolio level, for return and growth.
The R2 for dividend growth of stock P is calculated by

R2
g = 1−

var(∆dPt+1 −Et(∆d
P
t+1))

var(∆dPt+1)

The R2 for excess return is calculated as

R2
r = 1− var((RP,et )−Et((R

P,e
t )))

var((RP,et ))
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Table 4: Supporting DR Risk Model MDR at Individual Level

I provide evidence supporting MDR with individual stock data. Panel A shows Bayes factor as the log of the
posterior likelihood ratio of the general model M0 over the DR risk model MDR, given various test data D.

LRDR = 2 log
Pr(M0 | D)

Pr(MDR | D)

Panel B reports individual portfolio level predictive R2 for return and growth under MDR. The R2 for
dividend growth of stock P is calculated by

R2
g = 1−

var(∆dPt+1 −Et(∆d
P
t+1))

var(∆dPt+1)

The R2 for excess return is calculated as

R2
r = 1− var((RP,et )−Et((R

P,e
t )))

var((RP,et ))

Panel A: Bayes Factor Test

ALL Size B/M MOM VOL ACC
LRDR -0.93 2.0 0.3 3.0 5.6 0.1

CI LIQ High Ret Med Ret Low Ret
LRDR -1.2 -2.1 -2.8 -1.1 -1.2

Panel B: Predictive R2 under MDR

Predictive R2 for Return Predictive R2 for Dividend Growth
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.028 0.019 0.038 0.038 0.019 0.139 0.050 0.065 0.070 0.031
BM 0.030 0.027 0.022 0.025 0.025 0.041 0.041 0.038 0.062 0.047
MOM 0.025 0.025 0.029 0.049 0.083 0.016 0.015 0.055 0.030 0.014
VOL 0.014 0.017 0.017 0.023 0.028 0.019 0.013 0.015 0.051 0.120
ACC 0.022 0.023 0.024 0.027 0.024 0.037 0.034 0.022 0.057 0.006
CI 0.026 0.032 0.032 0.025 0.018 0.022 0.051 0.033 0.027 0.017
LIQ 0.037 0.021 0.020 0.020 0.025 0.098 0.037 0.033 0.030 0.007
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Table 5: Variance Decomposition of Log Price-dividend Ratio

Panel A decomposes the time-series variance of lnpd and reports the percentage fractions of total variance
driven by the state variables under M0. AVG row presents the simple average of the fraction among all test
portfolios. The “Min”, “Med” and “Max” reports the minimum, maximum and median of the fractions across
all the portfolios. The “High Ret”, “Med Ret” and “Low Ret” report the median of the fraction among the
portfolio with high, medium and low returns, respectively. Panel B decomposes the cross-sectional variance
of lnpd and reports the fractions attributed to the influencing components,including average of CF and DR
factors, conditional errors in CF and DR , and the covariance in CF and DR exposure with the aggregate
factors. Column 1 is for the general model M0, Column 2 is for the DR risk model MDR and Column 3 is
for the CF risk model MCF .

Panel A: Decompose Time-series Variance of lnpd

rf g σ2
g z σ2

z γ β

AVG 6.4% 26.9% 0.0% 91.1% 0.1% 0.4% 1.0%
Max 10.1% 56.3% 0.0% 107.0% 0.1% 2.7% 6.5%
Median 6.2% 25.3% 0.0% 98.1% 0.1% 0.1% 0.3%
Min 2.4% 7.1% 0.0% 51.7% 0.0% 0.0% 0.0%
High Ret 5.9% 23.3% 0.0% 90.4% 0.1% 0.6% 1.0%
Med Ret 5.9% 27.4% 0.0% 91.6% 0.1% 0.5% 1.2%
Low Ret 6.1% 31.0% 0.0% 85.8% 0.1% 0.4% 1.4%

Panel B: Decompose Cross-sectional Variance of lnpd

M0 MDR MCF

β̄ 81% 53% 31%
α 8% 6% 3%
cov(β, z) 22% 11% 11%
cov(β, σ2

z) -9% -9% -8%
γ̄ -18% -17% -17%
c -5% -1% -3%
cov(γ, g) 14% 10% -36%
cov(γ, σ2

g) 3% 2% 27%
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Table 6: Variance Decomposition of Return

Panel A reports statistics of the percentage of variance in realized return driven by the state variables (covari-
ances between state variables) over test portfolios under MDR. AVG row presents the simple average of each
fraction among all test portfolios. The “Min”, “Med” and “Max” reports the minimum, maximum and me-
dian of each fraction across all the portfolios. The “High Ret”, “Med Ret” and “Low Ret” report the median
of each fraction among the portfolio with high, medium and low returns, respectively. Panel B reports the
fractions of the cross-sectional variance of realized return attributed to the determinants, including average
of CF and DR factors, conditional intercept of CF and DR , the covariance in CF and DR exposure with the
aggregate factors, and average of DR and CF shocks. Column 1 is for the DR risk model MDR, Column 2 is
for the general model M0 and Column 3 is for the CF risk model MCF .

Panel A: Time-series Variance Decomposition

rf g σ2
g z σ2

z γ β IDR ICF
AVG 7.4% 12.7% 0.0% 25.7% 0.1% 0.2% 0.5% 10.6% 59.1%
Max 16.6% 41.0% 0.2% 40.3% 0.2% 1.3% 2.5% 17.1% 91.7%
Median 7.1% 11.7% 0.0% 25.8% 0.1% 0.0% 0.2% 10.3% 59.5%
Min 0.5% 3.3% 0.0% 2.5% 0.0% 0.0% 0.0% 2.3% 32.9%
High Ret 7.6% 9.8% 0.0% 23.4% 0.1% 0.3% 0.5% 9.4% 63.2%
Med Ret 9.0% 11.6% 0.0% 28.3% 0.2% 0.1% 0.2% 10.0% 59.5%
Low Ret 9.1% 18.6% 0.0% 26.4% 0.1% 0.1% 0.3% 12.6% 54.8%

Panel B: Cross-sectional Variance Decomposition

MDR M0 MCF

β̄ -7.5% -5.4% -6.6%
α -1.4% -1.9% -1.01%
cov(β, z) 22.2% 24% 19.2%
cov(β, σ2

z) 14.0% 8.6% 7.7%
γ̄ -2.5% -3.1% -2.3%
c 10.0% 13.2% 4.9%
cov(γ, g) 5.6% 6.4% 8.5%
cov(γ, σ2

g) 0.3% 0.3% 0.5%
IDR 0.2% 0.5% 0.3%
ICF 64.6% 56.2% 55.2%
Total 81.2% 80.8% 78.2%
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Figure 1: Quality of Fitting Market Price-dividend Ratio under M0 and MCF

Model M0 Fitted and Realized log of Price-dividend Ratio, R2 = 99%
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The plots compare the realized market log of price–dividend ratio and its fitted values from the models M0 and
MCF . The R2 is calculated by 1− var(Real lnpd− Fitted lnpd)/var(Real lnpd).
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Figure 2: CF and DR Predict Dividend Growth and Return under M0, but not under MCF

M0 MCF
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The plots compare the filtered series of expected dividend growths and excess returns (soild lines) with their realized
values (dotted lines) under two specifications of risks. The upper two panels show the expected and realized log of
dividend growth, while the lower two panels compare the expected and realized excess returns. The left two panels
reflect estimations in the general model M0, and the right panels represent the CF risk model MCF . The R2 is
calculated by 1− var(Realized V alue−Expected V alue)

var(Realized V alue)
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Figure 3: Estimates of Time-Varying beta under M0 and Short-window Regression Benchmark
under MDR
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The plots compare the filtered series of beta under the general model M0 with the Benchmark of beta under DR risk
model MDR. The Benchmark of MDR (solid line) is calculated using short-window regression of daily individual
stocks returns on daily market returns. The posterior mean of the time-varying beta (dash-dotted line) and its 95%
confidence interval (dashed line) is estimated using Kalman filtering iterated in the Gibbs sampling method. The
p-value is associated to the χ2 test on the equality between point estimates of beta and the benchmark.
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Figure 4: Determinants of Cross-sectional Returns under MDR
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The figure shows cross-sectional patterns of the statistics that affect the cross-sectional average realized returns. I
choose four sorting groups as representatives. All the statistics are obtained under DR risk model MDR. α is the
conditional intercept as the pricing error in the expected return. cov(β, z) and cov(β, (σz)

2) characterize the stability
of time-varying β. The unexpected cash flow is the average of the difference between realized CF and the expected
CF.
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Internet Appendix for “Cash Flow or Discount Risk? Evidence
from the Cross Section of the Present Values”

Bingxu Chen
This appendix provides details of constructing and estimating the present-value model adapted to the overlapping

data. In addition, I report the estimates of the state factors and parameters not reported in the main body of the paper.

I.A List of Variables
In this paper, I use the convention of denoting the unconditional mean of series of state variables {xt} as x̄ and
the demeaned state variables as {x̂t}. The superscript M indicates the parameters or state variables are on market
portfolio level and superscript P indicates the parameters or variables are for a specific Portfolio P. All the returns,
dividend and price variables are in real term. The variables used in the article are the following:
PPt (PMt ) = price of asset P (market portfolio M) at the end of the t-th quarter;
DP
t−4,t(D

M
t−4,t) = annual dividends paid out by asset P (market portfolio) between the t− 4-th and t-th quarter.

rft−4,t = log real risk-free rate over the period between t− 4 and t.
ωPt,t+4(ωMt,t+4) = log real expected growth of portfolio P (market portfolio).

ωt,t+4 = ln Et[Dt,t+4/Dt]
∆dPt,t+4(∆dMt,t+4) = log dividend growth of portfolio P (market portfolio) in real term.

∆dt,t+4 = lnDt+4,t/Dt,t−4
gMt,t+4 = expected annual log real dividends growth of market portfolio.

∆dMt,t+4 = gMt + σMg,tu
d
t,t+4

γPt =cash flow exposure: the portfolio P’s expected dividend growth loading on the contemporaneous market port-
folio’s expected dividend growth.
cP = Alpha in the portfolio expected dividend growth that cannot be explained by the time-varying cash-flow expo-
sure.

ωPt = cP + γPt ω
M
t

Et(∆d
P
t,t+4) + 1

2Vart(∆d
P
t,t+4) = cP + γPt (gMt,t+4 + 1

2 (σMg,t)
2)

µPt,t+4(µMt,t+4) = log real expected return of portfolio P (market portfolio).
µt,t+4 = ln Et[(Pt+4 +Dt,t+4)/Pt]

rPt,t+4(rt,t+4) = realized log return over the period between t and t+ 4.
zt,t+4 = Risk premium (expected log excess market return)

rMt+1 ≡ log Pt+1+Dt+1

Pt+1
− rft − πt = zt + σMz,tu

r
t+1

βPt = Market beta of portfolio P during the period [t, t+ 4].
αP = Conditional errors in discounted rate that cannot be explained by time-varying β.

µPt = cP + γPt µ
M
t

Et(r
P
t+1) + 1

2Vart(r
P
t+1)2 − rft = αP + βPt (zt + 1

2 (σMz,t)
2)

I.B Model with Overlapping Observation
In the empirical analysis, monthly and quarterly dividends display a pattern of seasonality, we measure the dividends
paid over a period of one year following Cochrane (1992). In consistent with the dividend growth, the discounted
rate variables also have horizons of one year. While these state variables are observed quarterly for fully exploitation
of the data, the observation is constructed as overlapping. In this section, I describe the model adapted to the
overlapping observations structure in details. As specified in section 2 and the previous appendix, the state vector
composes seven state variables.

Xt = [r̂f t,t+4 ĝ
M
t,t+4 (σ̂Mg,t)

2 ẑt,t+4 (σ̂Mg,t)
2 γ̂Pt β̂Pt ]′ (I.B .1)

The first five state variables capture the the market level environment, also are denoted as XM
t , while the last two

capture the state of a certain asset. Among the variables in the state vectors, the first factor is the real risk-free rate,
assumed being an exogenous macro variable, and the others are latent variables cannot be observed directly.

Presumedly, the state vector subjects to a VAR process.

Xt+1 = ΦXt + Σ
1
2 εt+1 (I.B .2)



where εt+1 = [εrt+1,t+5 ε
g
t+1,t+5 ε

σg

t+1,t+5 ε
z
t+1,t+5 ε

σz
t+1,t+5 ε

γ
t+1 ε

β
t+1]′.

Φ =


Φr

Φg
Φσg

Φz
Φσz

Φγ
Φβ

 , (I.B .3)

Σ =



Σr Σrg Σrσg
Σrz Σrσz

Σrγ Σrβ
Σgr Σg Σgσg

Σgz Σgσz
Σgγ Σgβ

Σσgr Σσgg Σσg
Σσgz Σσgσz

Σσgγ Σσgβ

Σzr Σzg Σzσg
Σz Σzσz

Σzγ Σzβ
Σσzr Σσzg Σσzσg

Σσzz Σσz
Σσzγ Σσzβ

Σγr Σ Σγσg
Σγz Σγσz

Σγ Σγβ
Σβr Σβg Σβσg Σβz Σβσz Σβγ Σβ

 (I.B .4)

In the variance covariance matrix, we allow interaction between shocks of each pair of state variables.This
specification allows the potential channel that the contemporaneous covariance between the risk premium and the
beta helps explaining the unconditional pricing error, as documented in Jagannathan and Wang (1996) and among
others. I also notate the top left 5× 5 blocks of Φ and Σ as ΦM and ΣM for market portfolio pricing.

Since the observations are overlapping by construction, the errors εt are not i.i.d N(0, I), but having structural
autocorrelation. The annual dividend growth and the discounted rate, as well as their volatility, are compounded
from the quarterly corresponding variables.

rft,t+4 =

3∑
k=0

rft+k,t+k+1 (I.B .5)

gt,t+4 =

3∑
k=0

gt+k,t+k+1 (I.B .6)

σ2
g,t,t+4 =

3∑
k=0

σ2
g,t+k,t+k+1 (I.B .7)

zt,t+4 =

3∑
k=0

zt+k,t+k+1 (I.B .8)

σ2
z,t,t+4 =

3∑
k=0

σ2
z,t+k,t+k+1 (I.B .9)

Therefore, the annual errors of those variables are also compounded from the quarterly error by the same token.

εst,t+4 =

3∑
k=0

εst+k,t+k+1 s ∈ {f, g, σg, z, σz} (I.B .10)

Assume that the quarterly errors are i.i.d. normal with identity variance covariance matrix. We have the following
auto-covariance of the annual error from the data structure.

Et(ε
s
t,t+4ε

s
t−k,t+4−k) =

4− k
4

k = 0, 1, 2, 3; s ∈ {f, g, σg, z, σz} (I.B .11)

The errors of the market beta and the asset characteristic are assumed to be i.i.d. since they are not compoundable
rate of return or growth, but variables represent the status.

In the rest of the section, I show how to infer the latent variables from observable price and dividend given the
above setup. According to the horizon of the observations, the price of an asset is the present value of all annual
dividends discounted by the annual discounted rate.

Pt =

∞∑
s=1

Et[

s−1∏
k=0

exp(−µt+4k−4,t+4k − πt+4k,t+4k+4)Dt+4s−4,t+4s] (I.B .12)

For the market portfolio, the discounted rate in real term

µMt,t+4 = φM + ξ′MXt (I.B .13)



where φM = r̄f + z̄ + 1
2 (σ̄Mz,t)

2 and ξM = [1 0 0 1 1
2 ]′

As for a specific piece of asset P , the discount rate is a quadratic form of the state vectors,

µPt,t+4 = φP + ξ′PXt +X ′tΩXt (I.B .14)

where φP = αP + r̄f + z̄β̄ and ξP = [1 0 0 β̄ 1
2 β̄ 0 z̄]′. The matrix of the quadratic form is

Ω =
1

2
(e47 +

1

2
e57 + e74 +

1

2
e75) =


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1

2
0 0 0 0 0 0 1

4
0 0 0 0 0 0 0
0 0 0 1

2
1
4 0 0

 (I.B .15)

On the other hand, recall that realized dividend growth in real term equals to the expected dividend growth plus
an orthogonal shock:

∆d
P (M)
t,t+4 = g

P (M)
t,t+4 + σ

P (M)
d u

P (M)
t (I.B .16)

The expected dividend growth can be put into a quadratic form of the state vectors, too.

gMt,t+4 = ψM + ζ ′MXt (I.B .17)

where ψM = ḡM ,ζM = [0 1 1
2 0 0 0 0]′, and the expected dividend growth is of quadratic form of the state variables.

ωPt,t+4 = ψP + ζ
′

PXt +X ′tWXt (I.B .18)

where ψP = cP + γ̄ḡM and ζP = [0 γ̄ 1
2 γ̄ 0 0 ḡ 0]′. The matrix W is

W =
1

2
(e26 +

1

2
e36 + e62 +

1

2
e63) =


0 0 0 0 0 0 0
0 0 0 0 0 1

2 0
0 0 0 0 0 1

4 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1

2
1
4 0 0 0 0

0 0 0 0 0 0 0

 (I.B .19)

In this framework, the price-dividend ratio of the market portfolio and the specific asset P is therefore a function
of the state vectors. The following two proposition provide the results.

Proposition 4 Let XM
t = [r̂f t,t+4 ĝ

M
t,t+4 (σ̂Mg,t)

2 ẑt,t+4 (σ̂Mg,t)
2]′ denote the state vector describing the market.

Suppose the market state vector follow the VAR process as specified as equation (I.B .2) and the market log expected
return follows equation (I.B .13),and the market expected dividend growth is defined as in equation (I.B .16) and
follows equation (I.B .17). The price of the market portfolio is then given by

PMt
DM
t−4,t

=

∞∑
s=1

Et[

s−1∏
k=0

exp(−µMt+4k,t+4k+4 − πt+4k,t+4k+4)
DM
t+4s−4,t+4s

DM
t−4,4

] (I.B .20)

=
∞∑
n=1

exp(aMn + bMn X
M
t ) (I.B .21)

where aMn , bMn follows the following iteration rules.{
aMn+1 = −φM + ψM + aMn + 1

2b
M ′

n Σ̃MbMn
bMn+1 = −ξM + ζM + Φ̃

′

Mb
M
n

(I.B .22)

The initial specifications are {
aM1 = −φM + ψM
bM1 = −ξM + ζM

(I.B .23)

The parameters in the equations here are{
Φ̃M = Φ4

M

Σ̃M = (I ΦM Φ2
M Φ3

M )ΣM ⊗O(I ΦM Φ2
M Φ3

M )′
(I.B .24)



where

O =

 1 3/4 1/2 1/4
3/4 1 3/4 1/2
1/2 3/4 1 3/4
1/4 1/2 3/4 1

 (I.B .25)

Proposition 5 Let XP
t be the full state vector of Portfolio P defined as in Equation (I.B .1) describing the market

and an asset P, following the VAR process specified as in Equation (I.B .2). Suppose the log expected return of the
market portfolio and the asset P follows equation (I.B .14), and the expected real dividend growth gPt is defined as
in equation (I.B .16) and follow equation (I.B .18) .Then the prices of the portfolio P are given by

PPt
DP
t−4,t

=

∞∑
s=1

Et[

s−1∏
k=0

exp(−µPt+4k,t+4k+4 − πt+4k,t+4k+4)
DP
t+4s−4,t+4s

DP
t−4,4

] (I.B .26)

=

∞∑
n=1

exp(aPn + bP
′

n X
P
t +XP ′

t HP
n X

P
t ) (I.B .27)

where aPn , bPn and HP
n follows the following iteration rules.

aPn+1 = −φP + ψP + aPn − 1
2 ln det(I − 2Σ̃PHP

n ) + 1
2 (bPn )′(Σ̃P

−1
− 2HP

n )−1bPn

bPn+1 = −ξP + ζP + Φ̃
′
(bPn ) + 2Φ̃

′
HP
n (Σ̃P

−1
− 2HP

n )−1bPn

HP
n+1 = −Ω +W + Φ̃

′
HnΦ̃ + 2Φ̃

′
HP
n (Σ̃P

−1
− 2HP

n )−1HP
n Φ̃

(I.B .28)

The initial specifications are {
aP1 = −φP + ψP
bP1 = −ξP + ζP
HP

1 = −Ω +W
(I.B .29)

The parameters in the equations here are{
Φ̃ = Φ4

Σ̃ = (I Φ Φ2 Φ3)Σ⊗O(I Φ Φ2 Φ3)′
(I.B .30)

The proof of Proposition 4 and Proposition 5 are documented in the appendix of Ang and Liu (2006) in detail.

I.C Estimating the Model with MCMC Gibbs Sampler
I estimate the model described by equations (I.B .2), (I.B .16), (I.B .21) and (I.B .27) by Gibbs sampling and MCMC.
Other similar models involving latent state variables are estimated by Jacquier, Polson and Rossi (1994,2004), and
Ang and Chen(2007).Particularly, the processes of the expectation and variance of real market dividend growth
((gMt ) and (σMg,t)

2), expectation and variance of market excess return (zt and σMz,t)
2), the cash-flow exposure (γPt )

and the market beta (βPt ) are estimated using Forward Filtering Backward Sampling (FFBS) algorithm of Carter and
Kohn (1994). A textbook exposition of Gibbs sampling is provided by Robert and Casella (1999).

I.C .1 log-linearization of the observation equation
Notice that the price-dividend ratio as signal is a non-linear function of the state vector. I first perform log-
linearization on the signal equations (I.B .21) and (I.B .27) such that the log price-dividend ratio of market and
specific assets can be approximated by linear function of state vectors.It expedites drawing of the latent state vari-
ables by allowing us to use the linear Kalman filter.

The measurement equation of lnpdM can be linearized aroundXt = 0, because each exponents in equation (I.B
.21) are linear in Xt = 0.

ln
PMt
DM
t−4,t

= AM +BM ′Xt (I.C .1)

where

AM = ln

∞∑
n=1

exp(aMn )



BM =

∑∞
n=1 exp(aMn )bMn∑∞
n=1 exp aMn

Unlike the case of lnpdM , the exponents in equation (I.B .27) have quadratic forms of Xt, therefore lnpdP has
quadratic form of Xt around Xt = 0. If using Taylor expansion around the state vector Xt as well as their quadratic
terms, one can get the lnpd as a quadratic form of Xt.

PPt
DP
t−4,4

= AP +BP ′Xt +X ′tQ
PXt (I.C .2)

where

AP = ln

∞∑
n=1

exp(aPn )

BP =

∑∞
n=1 exp(aMn )bPn∑∞
n=1 exp aMn

QP =

∑∞
n=1 exp(aMn )HP

n∑∞
n=1 exp aMn

As lnpdP works separately as observation when drawing both {γ̂t} and {β̂t}, it suffices to get lnpd as a linear
form of each single state variable separately. This purpose can be achieved by reorganizing Equation (I.C .2). For
each single state variable, one can obtain lnpd being linear in it with time-varying coefficients.

Taking the case of β̂ for example, I rewrite Equation (I.C .2) as the form of

ln
PPt
DP
t−4,t

= AP,βt + (BP,βt )′β̂t (I.C .3)

The time-varying coefficients are

AP,βt = AP +BP−β
′Xt,−β +X ′t,−βQ

P
−β,−βXt,−β

BP,βt = BPβ +X ′t,−βQ
P
−β,β

The subscript −β means the sub-vector or sub-matrix excluding entries related to β, while the subscript β indicates
the entries related to β.

By the same token, the log-linearization of lnpdP around γ̂ = 0 is

ln
PPt
DP
t−4,t

= AP,γt + (BP,γt )′γ̂t (I.C .4)

In general, I combine the two equations in one general notation

ln
PPt
DP
t−4,t

= APt +BPt
′Xt (I.C .5)

The linearization has been proposed in particular by King, Plosser and Rebelo (1987) and Campbell (1994).
It would increase the computational efficiency of the estimation. As log-linearization is a first-order Taylor series
approximation, with some errors induced, I model the approximation with normal errors as following

ln
PMt
DM
t−4,t

= AM +BM ′Xt + σMv v
M
t (I.C .6)

ln
PPt
DP
t−4,t

= APt +BPt
′Xt + σPv v

P
t (I.C .7)

where vMt ∼ N(0, 1) and vPt ∼ N(0, 1).
Simulation results validate this log-linearization algorithm. I simulate the market model choosing the parameters

as

rf gM (σMg )2 z (σMz )2

Average 0.01 0.01 0.005 0.05 0.03
VAR coeff. Φ 0.9 0.95 0.7 0.98 0.70
Shock Variance Σ 0.08 0.04 0.007 0.01 0.45

The correlation between shocks are assumed as zeroes. With this specification, the summary statistics of the observ-
ables are comparable with the realistic numbers given by the CRSP value-weighted portfolio.



Cashflow growth:gt Price Dividend ratio Return
Mean Stdev auto Mean Stdev auto Mean Stdev auto

CRSP 0.049 0.207 0.037 31.91 15.84 0.92 0.11 0.22 0.045
simulated 0.051 0.212 -0.0031 30.53 12.14 0.91 0.06 0.20 -0.02

Using this parameters specifications, I simulate the present-value model. I calculate the lnpd using the exact
formulae as sum of exponential functions of Xt like as in equation (I.B .21), called it the simulated lnpd. I also
calculate lnpd using the log-linearized formulae as in equation (I.C .6), and call it linearized lnpd.

In Figure A.1, I simulate the model for a time period of T = 1000, and show the scatter plot of the simulated
lnpd and linearized lnpd. In the plot, one can see that the linearization approximation works very well in the range
where most data points fall into.

I.C .2 Identifying Strategy
At this point, I integrate both conditional cash flow exposure and discount rate risk into a state-space model via a
present-value approach. 

Xt+1 = ΦXt + Σ
1
2 εt+1

∆dMt,t+4 = ḡM + e′2X
M
t + σMg,tu

M
d,t,t+4

rMt,t+4 − r
f
t − πt,t+4 = zt + σMz,tu

M
z,t,t+4

ln
PM

t

DM
t−4,t

= AM +BM ′XM
t + σMv v

M
t

∆dPt,t+4 = ψ̃P + ζ ′PXt +X ′tWXt + σPd u
P
d,t,t+4

rPt,t+4 − r
f
t,t+4 = φ̃P + ξ′PXt +X ′tΩXt + σPz u

P
z,t,t+4

ln
PP

t

DP
t−4,t

= APt +BPt
′Xt + σPv v

P
t

(I.C .8)

In the model, I need identify the latent state variables gMt ,(σMg,t)
2,zt,(σMA z, t

M )2, γt and βt in the state vectors and
the following listed parameters in the model by simulating their distributions using MCMC.

Θ = (r̄f , ḡM , (σ̄Mg )2, z̄, (σ̄Mz )2, γ̄P , β̄P ,Φ,Σ, (σMv )2, (σPv )2, (σPz )2, (σPd )2) (I.C .9)

I first group the parameters by equations relating to the parameters, and estimate the parameters group by group.
The parameters groups are

Θ1 = {r̄f ,Φrr,Σrr}
Θ2 = {ḡM ,Φgg,Σgg}
Θ3 = {(σ̄Mg )2,Φσgσg

,Σσgσg
}

Θ4 = {z̄,Φzz,Σzz}
Θ5 = {(σ̄Mz )2,Φσzσz ,Σσzσz}
Θ6 = {Σrg,Σrσg

,Σrz,Σrσz
,Σgσg

,Σgz,Σg,σz
,Σσg,z,Σσg,σz

,Σz,σz
}

Θ7 = {(σMv )2}
Θ8 = {γ̄, c, β̄, α}
Θ9 = {Φγγ ,Σγγ}

Θ10 = {Φββ ,Σββ}
Θ11 = {Σrγ ,Σgγ ,Σσgγ ,Σzγ ,Σσzγ ,Σrβ ,Σgβ ,Σσgβ ,Σzβ ,Σσzβ}
Θ12 = {(σPv )2, (σPz )2, (σPd )2}

As shown before, Θ1−Θ7, gMt , (σMg,t)
2, zt and (σMz,t)

2 describe the market portfolio and can be inferred from the
information about the market returns and dividends, denoted as YM = {yMt } = {ln(Pt/Dt−4,t)

M ,∆dMt−4,t, rt−4,t}.
While the rest parameters Θ8 − Θ12, also γt and βt are relevant to the specific assets and therefore in need of both
market dividend and price information YM and also portfolio specific price and dividend information, denoted as
Y P = {yPt } = {ln(Pt/Dt−4,t)

P ,∆dPt−4,t, rt−4,t}. With this information hierarchy, we would like to draw Θ1−Θ6,
gMt and zt given YM first. Provided with the estimated market state variables, we then estimate the cash-flow risk
γt and the discounted rate risk βt with YM and Y P for 21 tertile test portfolios separately. This hierarchy structure
of estimation bases on the following proposition.

Proposition 6 The posterior distribution of market risk premium zt conditional on the market and specific portfolio



information is the same as the posterior distribution of it conditional on the market information only.

P(zt|YMt+1, Y
i
t+1) = P(zt|YMt+1)

Proof.

P(zt|YMt+1, Y
i
t+1) =

P(zt, Y
M
t+1, Y

i
t+1)

P(YMt+1, Y
i
t+1)

=
P(zt)P(YMt+1, Y

i
t+1|zt)

P(Y it+1|YMt+1)P(YMt+1)

=
P(zt)P(YMt+1|zt)P(Y it+1|YMt+1, zt)

P(Y it+1|YMt+1)P(YMt+1)

=
P(zt)P(YMt+1|zt)

P(YMt+1)

= P(zt|YMt+1) (I.C .10)

In our estimations, we use a burn-in period of 15,000 draws and draw 5,000 observations to represent the
posterior distribution. With this number of sampling, our estimation converges by passing the convergence test in
Geweke (1992).

The Gibbs Sampler involves the iterations of the following sampling of posterior distribution conditional on
other parameters and state vectors.

The loop for market risk premium and market parameters.

(P1) {ĝMt }|Θ, {YMt }, {XM
−g,t}

(P2) {(σ̂Mg )2|Θ, {YMt }, {X−(σM
g )2}

(P3) {ẑt}|Θ, {YMt }, {XM
−z,t}

(P4) {(σ̂Mz )2|Θ, {YMt }, {X−(σM
z )2}

(P5) Θ1|{Θi}{1≤i≤7,i6=1}, {YMt }, {XM
t }

(P6) Θ2|{Θi}{1≤i≤7,i6=2}, {YMt }, {XM
t }

(P7) Θ3|{Θi}{1≤i≤7,i6=3}, {YMt }, {XM
t }

(P8) Θ4|{Θi}{1≤i≤7,i6=4}, {YMt }, {XM
t }

(P9) Θ5|{Θi}{1≤i≤7,i6=5}, {YMt }, {XM
t }

(P10) Θ6|{Θi}{1≤i≤7,i6=6}, {YMt }, {XM
t }

(P11) Θ7|{Θi}{1≤i≤7,i6=7}, {YMt }, {XM
t }

where the notation XM
−x,t (for example XM

−g,t) denotes the entries in the vector XM
t excluding xt (gMt ). The

loop for a specific portfolio’s market beta and relevant parameters.

(P12) {γ̂t}|{Θi}, {yPt }, {X−γ̂,t}

(P13) {β̂t}|{Θi}, {yPt }, {X−β̂,t}

(P14) Θ8|{Θi}i 6=8, {yPt }, {Xt}
(P15) Θ9|{Θi}i 6=9, {yPt }, {Xt}

(P16) Θ10|{Θi}i 6=10, {yPt }, {Xt}
(P17) Θ11|{Θi}i 6=11, {yPt }, {Xt}
(P18) Θ12|{Θi}i 6=12, {yPt }, {Xt}

Drawing the Market Expected Dividend Growth(P1)
I draw the expected dividend growth gMt using the forward filtering backward sampling (FFBS) algorithm (Carter
and Kohn 1994). We first run a Kalman filter (Hamilton 1994) forward with the state equations and the measurement



equations (I.C .8). There are two measurement equations for the dividend growth.
XM
t+1 = ΦMX

M
t + Σ

1
2

Mu
M
t+1

ln
PM

t

DM
t−4,t

= AM +BM ′XM
t + σMv v

M
t

∆dt,t+4 = ¯gM + ĝMt,t+4 + σMg,tu
M
g,t,t+4

(I.C .11)

After we run the Kalman filter, we sample backward following Carter and Kohn (1994).

Drawing (σMg,t)
2 (P2)

I draw the conditional variance of dividend growth (σMg,t)
2 following FFBS algorithm as the previous draw of gMt .

There are two measurement equations of the log price-dividend ratio and expected dividend growth.
XM
t+1 = ΦMX

M
t + Σ

1
2

M ε
M
t+1

ln
PM

t

DM
t−4,t

= AM +BM ′XM
t + σMv v

M
t

(∆dt,t+4 − ¯gM − ĝMt,t+4)2 = (σMg,t)
2 + uσg,t,t+4

(I.C .12)

Drawing the Market Risk Premium Process (P3)
I draw the risk premium zt following the same FFBS algorithm as the previous draw of gMt . There are two measure-
ment equations of the log price-dividend ratio and log excess return for zt.

XM
t+1 = ΦMX

M
t + Σ

1
2

M ε
M
t+1

ln
PM

t

DM
t−4,t

= AM +BM ′XM
t + σMv v

M
t

rMt,t+4 − r
f
t − πt,t+5 = z̄ + ẑt + σMz,tu

M
z,t,t+4

(I.C .13)

Drawing (σMg,t)
2 (P4)

The conditional variance of excess returns (σMz,t)
2 is drawn using FFBS algorithm by the same token. There are two

measurement equations of the log price-dividend ratio and expected excess return.
XM
t+1 = ΦMX

M
t + Σ

1
2

M ε
M
t+1

ln
PM

t

DM
t−4,t

= AM +BM ′XM
t + σMv v

M
t

(rt,t+4 − rft − πt,t+4 − z̄ − ẑt,t+4)2 = (σMz,t)
2 + uσz,t,t+4

(I.C .14)

Drawing Θ1(P5)

We estimate r̄f by the sample mean of the real risk-free rate for simplification. Since the risk-free rate rft is assumed
as exogenous, we draw Φrr and Σrr simply by Bayesian Regression of rft on its lagged value, (see Carlin and
Louis 2000, Lancaster 2004 and Geweke 2005). The standard Bayesian normal regression model is y = Xb + e,
where y is column vector of n observations,X is fixed regressors matrix, b is the coefficients, and the residual e
subjected to zero-mean multivariate normal distribution e ∼ N(0, Ve). Given Ve and a normal prior of b, b ∼
N(µb, Vb). The posterior is b ∼ N(µ∗b , V

∗
b ), where µ∗b = (X ′V −1e X + V −1b )−1(X ′V −1e y + V −1b µb), where V ∗b =

(X ′V −1e X + V −1b )−1. Assume that Ve = σ2I , and if the parameter prior is inverse-gamma distribution denoting
as σ2 ∼ IG(A/2, B/2), the posterior distribution is conjugate inverse-gamma distribution σ2 ∼ IG(A∗/2, B∗/2),
where A∗ = (A+n) and B∗ = B+ e′e, (see Kim and Nelson 2000). The priors of Φππ and Σrr are uninformative.

Φππ ∼ N(0, 1002)

Σππ ∼ IG(1, 0.001)

Drawing Θ2(P6)
For simplicity, we fixed ḡM by the sample mean of the market growth of dividend in real term for each draw.
I draw the VAR coefficient and the variance using the independent Metropolis-Hasting reject-accept sampling (see



Robert and Casella 1999). The posterior distribution is

P (Φgg,Σgg|Θ−2, XM
t , ln(

Pt
Dt

)M ) ∝ P (ln(
Pt
Dt

)M |Θ)P (gMt |Φgg,Σgg)P (Σgg|Φgg)P (Φgg)

P (Φgg) is the prior distribution of the autocorrelation of gMt in the VAR. Since P (ln( Pt

Dt
)M |Θ) is not trivial,

as the linear coefficients AM , BM are functions of Θ2, I cannot use Bayesian Regression to draw Θ only using the
state equation as done in the last two steps. However, I can propose the draw using a Bayesian regression from the
state equation, and determine reject or accept with likelihood of measurement equation.

I first draw Φ
′

gg using Bayesian regression described aforementioned, the prior of Φ
′

gg is flat and uninformative.
Provided with Φgg , we then draw Σgg , with a conjugate prior IG( b2 ,

B
2 ) where b = 1, B = 0.001. This prior is

uninformative and the result is not sensitive to the choice of b and B. Conditional on the VAR coefficient sampled
and the state variables, we have the posterior distribution of Σgg being IG( b12 ,

B1

2 ) where{
b1 = b+ T − 1
B1 = B + (Y − ΦX)′(Y − ΦX)

The proposed Σ
′

gg has a lower bound of 10−8, which is small amount. Its upper bound is the sample variance of
∆dMt . Using the truncated prior, the posterior has the same parameter in the unrestricted case, but truncated to the
same interval of as the prior (see Gewewke 2005; Hasbrouck 2009).

The proposed (Φ′gg,Σ
′

gg) is going to replace the original (Φgg,Σgg) with probability α

α = min{1,
P (YMt |Φ

′

gg,Σ
′

gg,Θ−2, Xt)

P (YMt |Φgg,Σgg,Θ−2, Xt)
}

Drawing Θ3(P7)
The parameters about the state equation of (σMg,t) is drawn using Metropolis-Hasting algorithm. The posterior
distribution is
P ((σ̄Mg )2,Φσgσg ,Σσgσg |Θ−3, Xt, Yt) ∝ P (YMt |Φσgσg ,Σσgσg , (σ̄

M
g )2,Θ−3, Xt)P ((σ̄Mg )2|Φσgσg ,Σσgσg )

P (Σσgσg |Φσgσg )P (Φσgσg )P (σ̄Mg )

Firstly, I propose the draw the mean of (σMg )2 using Random-walk draw around the previous draw of it. Sec-
ondly, I propose to draw the Φσgσg

using Bayesian regression, with the prior again conjugate uninformative. After
drawing the Φ, the Σσgσg

is then attempted drawn using Inverse-Gamma distribution provided in previous subsec-
tion, the prior is conjugate IG( b2 ,

B
2 ) with b = 1, B = 0.001. The proposal is going to replace the original draw

with probability α

α = min{1,
P (YMt |(σ̄Mg )′2,Φ

′

σgσg
,Σ
′

σgσg
,Θ−3, Xt)

P (YMt |(σ̄Mg )2Φσgσg
,Σσgσg

,Θ−3, Xt)
}

Drawing Θ4(P8)
I draw the parameters about the state equation of zt using the independent Metropolis-Hasting reject-accept sam-
pling,too. The posterior distribution is

P (z̄,Φzz,Σzz|Θ−4, Xt, Yt) ∝ P (YMt |Φzz,Σzz, z̄,Θ−4, Xt)P (zt|Φzz,Σzz)P (Σzz|Φzz)P (Φzz)P (z̄)

I first draw z̄ as the sample mean of the log excess return. The proposal drawing of Φzz and Σzz is from the
Bayesian regression of the state equation of zt by the same token as in the last step. Presumably, a prior distribution
for Σzz as IG( b2 ,

B
2 ) where b = 1, B = 0.001, and the prior of Φzz as N(0, 1002). The proposed (z̄′,Φ′z·,Σ

′

zz) is
going to replace the original (z̄,Φz·,Σzz) with probability α

α = min{1, P (YMt |Φ
′

zz,Σ
′

zz, z̄
′,Θ−4, Xt)

P (YMt |Φzz,Σzz, z̄,Θ−4, Xt)
}



Drawing Θ5(P9)
The parameters about the state equation of (σMz,t) is drawn using Metropolis-Hasting algorithm. The posterior
distribution is
P ((σ̄Mz )2,Φσzσz ,Σσzσz |Θ−5, Xt, Yt) ∝ P (YMt |Φσzσz ,Σσzσz , (σ̄

M
z )2,Θ−5, Xt)P ((σ̄Mz )2|Φσzσz ,Σσzσz )

P (Σσzσz
|Φσzσz

)P (Φσzσz
)P (σ̄Mz )

Firstly, I propose the draw the mean of (σMz )2 using Random-walk draw around the previous draw of it. Sec-
ondly, I propose to draw the Φσzσz

using Bayesian regression, with conjugate uninformative prior. The Σσzσz
is

then proposed to draw from Inverse-Gamma distribution posterior distribution with uninformative prior IG( b2 ,
B
2 )

with b = 1, B = 0.001. The proposal is going to replace the original draw with probability α

α = min{1,
P (YMt |(σ̄Mz )′2,Φ

′

σzσz
,Σ
′

σzσz
,Θ−5, Xt)

P (YMt |(σ̄Mz )2Φσzσz
,Σσzσz

,Θ−5, Xt)
}

Drawing Θ6P(10)
I sample the off-diagonal entries in the variance covariance matrix of the VAR using the random-walk Metropolis-
Hasting algorithm (Metropolis 1953).

I first propose a draw of correlation between innovations of state variables, say ρgz as an illustration, using a
random-walk sampling around the previous draw. For each correlations, the prior is uniform on [-1,1]. The proposed
covariance Σ

′

gz is therefore ρ
′

gzΣ
1/2
gg Σ

1/2
zz .After we have the proposed Σ′, we replace the original Σ with probability

α

α = min{1, P (YMt |Θ−6,Σ
′
, Xt)

P (YMt |Θ−6,Σ, Xt)
}

Drawing Θ7(P11)
I would draw (σMv )2 from an Inverse Gamma Distribution, IG( b12 ,

B1

2 ). The parameters in the distribution are
determined by

u = (lnpdMt −AM −B′M (Xt − X̄))

B1 = B + u′1u1 b1 = b+ T − 1

where b and B are uninformative prior parameters, which I choose as 1 and 0.001.
By iterating the market loop, I can get posterior distribution as estimation of the market state variables and the

VAR parameters in the market state equations. For disaggregate level information, I can next implement the Gibbs
Sampling on each test portfolio by iterating the portfolio loop combined with the market loop from above.

I.C .2.1 Drawing {γ̂t}(P12)
By the same token as in the case of drawing latent factor gMt , I draw the latent factor {γ̂t} using FFBS. I have one
state equation in VAR for γt and two measurement equations from real dividend growth and log price-dividend ratio
of portfolio, listed as following

XP
t+1 = ΦPXP

t + Σ
1
2

P εt+1

ln( Pt

Dt
)P = AP +BP

′
XP
t + σPv v

P
t

∆dPt,t+4 = ψ̃P + ζ ′PXt +X ′tWXt + σPd u
P
d,t,t+4

As I relax rational expectation in growth for individual stocks, I use only the demeaned version of the last observation
equation to extract series of demeaned series of γ. The level of γ and other level parameters are estimated using
information of lnpdP . Since W does not have diagonal entries, the last measurement equation is linear in γ̂.



Drawing {β̂t} (P13)

Drawing this latent state variable {β̂t} , we apply the same FFBS algorithm as before. The observed signals only
come from measurement of log price-dividend ratio of test portfolios.

XP
t+1 = ΦPXP

t + Σ
1
2

P εt+1

ln
PP

t

DP
t−4,t

= AP,t +B′P,tXt + σPv v
P
t

rPt,t+4 − r
f
t = φ̃P + ζ ′PXt +X ′tΩXt + σPz u

P
z,t,t+4

As I relax rational expectation in return for individual stocks, I use only the demeaned version of the last observation
equation to extract series of demeaned series of β.

Drawing Θ8(P14)
Like as when drawing z̄, we draw the level parameters using random walk Metropolis-Hasting algorithm. First, we
propose a draw of Θ′8 with a random walk of the last draw Θ8.

The proposed drawing of Θ′8 will replace Θ8 with probability α

α = min{1, P (Y Pt |Θ′8,Θ−8)

P (Y Pt |Θ8,Θ−8)
}

Drawing Θ9(P15)
Like as when drawing Θ2, I use independent Metropolis-Hasting algorithm. The posterior distribution is

P (Φγγ ,Σγγ |Θ−9, Xt, Y
P , YM ) ∝ P (Y P |Θ)P (γ̂t|Φγγ ,Σγγ)P (Σγγ |Φγγ)P (Φγγ) (I.C .15)

The proposed distribution is P (γ̂t|Φγγ ,Σγγ)P (Σζζ |Φγγ)P (Φγγ) which is Bayesian OLS regression posterior with
robust overlapping errors. The prior of VAR coefficient is flat and we restrict the eigenvalue of Φ less than 0.999.The
prior of Σγγ is IG(b/2, B/2) , and b = 1, B = 0.001. The proposed Θ′9 is going to replace the original Θ9 with
probability α

α = min{1, P (Y Pt |Θ′9,Θ−9)

P (Y Pt |Θ9,Θ−9)
}

Drawing Θ10(P16)
I use independent Metropolis-Hasting algorithm by the same token as in last subsection. The posterior distribution
is

P (Φββ ,Σββ |Θ−10, Xt, Y
P , YM ) ∝ P (Y P |Θ)P (β̂t|Φββ ,Σββ)P (Σββ |Φββ)P (Φββ) (I.C .16)

I first propose a draw of Θ10
′

with the Bayesian OLS posterior with robust overlapping errors,
P (β̂t|Φββ ,Σββ)P (Σββ |Φββ)P (Φββ) The prior of VAR coefficient is flat and we restrict the eigenvalue of Φ less
than 0.999.The prior of Σββ is the 0.001uninformative IG(b/2, B/2) , and b = 1, B = 0.001. The proposed Θ′10 is
going to replace the original Θ10 with probability α

α = min{1, P (lnpdP |Θ′10,Θ−10)

P (lnpdP |Θ10,Θ−10)
}

Drawing Θ11(P17)
The methodology we use is random walk Metropolis-Hasting algorithm,the same as drawing the covariance entries
of the market level innovations.We first draw a new correlation between innovations subject to a random walk
around the original correlation. The proposed covariance is therefore the proposed correlation times the product of
the standard errors of the innovations. After we have the proposed Σ′, we replace the original Σ with probability α

α = min{1, P (Y Pt |Θ−11,Σ
′
, Xt)

P (Y Pt |Θ−11,Σ, Xt)
}



Drawing Θ12(P18)
I would draw (σPv )2 from an Inverse Gamma Distribution, IG( b32 ,

B3

2 ). where

u3 = (lnpdPt −AP,t −B′P,t(Xt − X̄))

B3 = B + u′3u3, b3 = b+ T − 1

where b and B are uninformative prior parameters, which I choose as 1 and 0.001. I confine the (σPv )2 less than the
var(lnpdP ), to make sure the MCMC algorithm converge.

Similarly, drawing of (σPd )2 and (σPz )2 are like as drawing of (σPv )2 from the inverse gamma distribution
IG( b42 ,

B4

2 ) and IG( b52 ,
B5

2 ). where

u4 = (∆dt,t+4 − ψP + π̄ − (ζP − e1)′Xt −X ′tWXt)

B4 = B + u′4u4, b4 = b+ T − 1

and
u5 = (rPt,t+4 − r

f
t − πt,t+4 − φP − ξ′PXt −X ′tΩXt)

B5 = B + u′5u5, b5 = b+ T − 1

I.D Complete Estimation of the Model
In this section, I will show the additional estimation results of the state factors and parameters in the models featuring
different risks M0, MCF and MDR.

Again, I report the results in the order from the market to the individual level. At market level, I have shown all
parameters and filtered series of gMt and zt. In Figure A.2, I plot the filtered series of stochastic volatility in CF and
DR as (σMg,t)

2 and (σMz,t)
2. Under both M0 and MCF , I can identify large volatility in both CF and DR during the

most recent crisis. In Model M0, the volatility in CF is averagely low before 2000, and the stock market crashes due
to the energy crisis in 1973 and the recession in the early 1980’s correspond to spikes in volatility of DR. In contrast,
under MCF , because the volatility in DR and CF are restricted as collinear, the recessions induce peaks in both DR
volatility and CF volatility.

At the individual portfolio level, I first compare the filtered value of γ estimated in all three models, M0, MCF
and MDR. The left three panels of Figure A.3 cover the value stocks (BM5) and growth stocks (BM1), and the right
three panels cover the extreme portfolios in momentum group MOM1 and MOM5. First, the CF exposures under
all three models display similar time-varying patterns. All estimated CF exposures are persistent. The γ of BM5 is
of higher level and higher volatility than that of BM1, while the of MOM1 and MOM5 are at the same level with
similar volatility. Second, the CF exposure can covary with the aggregate CF factors. Under model M0 and MDR,
the γs of BM1 and MOM1 move together with aggregate CF, while these CF factors of BM5 and MOM5 covary
negatively. As an illustration, the γs of BM5 and MOM5 climb up when the aggregate expected CF decreases during
the early 1970s, 1980s and the most recent recessions. However, I dont find this covariance between CF exposure
and CF factor related to the level of returns in other test portfolios.

After examination of the CF exposure , I turn to focus on the DR exposure β. Figure A.4 illustrates the time-
serial pattern of estimated under all three specifications M0, MDR and MCF . In the left three panels, I compare the
β of value stocks (BM5) with that of growth stocks (BM1) under all three models. The right three panels shows the
β of past winner (MOM5) and past loser (MOM1) portfolios when sorting on momentum.

At the first glance of the estimated values of β, they are different under each settings. Take the two B/M sorted
portfolios for example, the volatility of β estimated under MCF is much smaller than that under M0 or MDR. In
addition, the β estimated in MCF and M0 are more persistent than that in MDR. Notice that β under the MDR is
quite close to the restricted value calculated use daily realized returns. With a closer observation, the time-series
pattern of in unconstrained model M0 integrates the traits of the same β under the other two constrained settings.
Take the β of BM5 under the three settings as an illustration. The β under M0 peaks during the early 70s recession
and the recent 2008 crisis, and declines sharply at the end of 2011, just like under MDR. On the other hand, the β
underM0 reaches a trough in the middle of the booms in 1990s, and climbs up after the burst of dot-com bubble, like
as under MCF . The underlying reason is the following. The β under the DR risk model MDR reflects the DR risk,
describing covariance between the portfolio and market DR, while the β underMCF reflects the co-movement in the
CF. In the unconstrained model M0, the contains information from both sides. These observations and arguments
also apply to other portfolios, for instance, the momentum portfolios.

In the end, I report the estimated parameters at the individual stock level. I have reported the VAR coefficients of
γ and β, and the correlation between the their shocks. I will not repeat them in this table, and only covers the mean
of CF and DR exposure (γ̄ and β̄), the variance of the VAR shocks (Σγ and Σβ), the correlation between the shocks
of CF and DR exposures and the shocks of aggregate CF and DR factors (ρβz , ρβσz

, ργg and ργσg
). I estimate each

parameter under all three specifications of models. In Table A.1, I report estimates under M0, and the results of
MCF and MDR can be found in Table A.2 and Table A.3.



Compare these tables, one can draw the following conclusions. (1) The estimates of the average CF and DR
exposures are similar. (2) The conditional errors in DR and CF one-factor models are both insignificant. (3) The
correlation between β and z, and the correlation between β and σz are high for portfolios with high returns, which
is consistent with the conditional CAPM literature.



Table A.1: Estimation of the Parameters at the Individual Portfolio Level under General Model
M0

m(γ̄) s(γ̄)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.946 0.917 1.160 1.469 1.291 0.026 0.027 0.028 0.028 0.028
BM 0.851 0.737 0.699 0.966 1.474 0.001 0.025 0.026 0.019 0.028

MOM 1.371 0.653 0.967 0.900 0.959 0.025 0.022 0.016 0.028 0.025
VOL 2.670 1.826 1.228 0.847 0.822 0.313 0.137 0.025 0.021 0.027
ACC 0.755 1.333 0.873 0.685 0.607 0.000 0.026 0.025 0.028 0.028

CI 0.912 0.590 1.600 0.946 0.594 0.026 0.000 0.000 0.027 0.028
LIQ 0.822 0.701 1.496 1.358 0.901 0.025 0.028 0.027 0.029 0.028

m(β̄) s(β̄)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.943 1.047 1.077 1.112 1.178 0.026 0.027 0.028 0.028 0.027
BM 1.000 0.922 0.868 0.848 0.926 0.001 0.025 0.024 0.028 0.029

MOM 1.230 0.919 0.894 0.907 1.093 0.027 0.018 0.026 0.027 0.029
VOL 1.557 1.504 1.295 1.030 0.830 0.027 0.027 0.025 0.021 0.026
ACC 1.060 0.977 0.901 0.921 1.064 0.000 0.018 0.025 0.028 0.028

CI 0.994 0.884 0.937 0.969 1.096 0.027 0.000 0.000 0.018 0.028
LIQ 0.888 0.944 0.971 1.031 1.089 0.024 0.028 0.018 0.020 0.028

m(c) s(c)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.001 0.011 0.005 -0.006 0.008 0.002 0.003 0.003 0.006 0.005
BM 0.007 0.007 0.003 -0.006 -0.020 0.000 0.002 0.002 0.003 0.006

MOM -0.001 0.005 -0.001 0.005 0.018 0.001 0.001 0.002 0.003 0.005
VOL -0.085 -0.011 0.010 0.011 0.000 0.037 0.010 0.006 0.001 0.002
ACC 0.002 -0.005 0.002 0.011 0.023 0.000 0.003 0.001 0.003 0.004

CI 0.009 0.005 0.000 0.005 0.027 0.002 0.000 0.000 0.003 0.004
LIQ 0.000 0.012 -0.013 -0.004 0.018 0.000 0.003 0.005 0.006 0.004

m(α) s(α)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.000 0.000 0.000 0.003 0.002 0.000 0.003 0.004 0.007 0.005
BM -0.005 -0.001 -0.002 0.000 0.000 0.002 0.003 0.003 0.003 0.006

MOM 0.007 -0.001 0.000 0.000 0.000 0.006 0.001 0.002 0.003 0.004
VOL 0.022 0.015 -0.001 -0.002 0.000 0.030 0.013 0.002 0.002 0.003
ACC -0.017 0.000 -0.001 0.000 0.000 0.004 0.001 0.003 0.003 0.005

CI 0.000 -0.001 0.006 0.000 0.001 0.002 0.000 0.000 0.003 0.005
LIQ 0.000 0.000 0.003 0.001 0.001 0.001 0.003 0.006 0.006 0.004

m(Σγ)× 1000 s(Σγ)× 1000
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.320 6.538 4.110 5.168 9.832 0.101 1.970 1.306 2.078 3.726
BM 0.910 2.142 2.394 10.940 25.372 0.269 0.650 0.770 2.611 5.511

MOM 48.863 0.653 0.384 30.140 270.496 11.390 0.201 0.106 7.436 56.563
VOL 43.749 20.349 10.463 2.189 2.414 17.687 5.863 2.490 0.712 0.726
ACC 25.936 1.941 1.552 14.753 61.546 6.507 0.533 0.458 4.196 14.894

CI 4.889 0.167 0.318 10.919 47.065 1.261 0.000 0.000 3.002 12.479
LIQ 0.091 8.197 6.964 25.813 66.167 0.030 2.114 2.398 7.907 13.475



m(Σβ)× 1000 s(Σβ)× 1000
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.344 1.011 1.711 3.496 4.449 0.092 0.300 0.364 0.571 0.683
BM 0.701 0.593 0.705 1.627 4.271 0.183 0.159 0.139 0.351 1.015

MOM 8.477 2.795 2.192 2.182 5.701 1.747 0.607 0.623 0.576 1.516
VOL 16.182 7.301 3.256 0.683 0.487 2.268 1.394 0.842 0.189 0.135
ACC 4.427 1.179 1.469 1.712 2.056 1.142 0.323 0.423 0.489 0.537

CI 1.129 0.293 0.737 0.789 1.431 0.277 0.000 0.063 0.200 0.375
LIQ 0.522 0.928 1.769 2.821 3.817 0.147 0.155 0.270 0.384 0.406

m(ργg) s(ργg)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.162 -0.280 -0.266 -0.249 -0.251 0.308 0.185 0.190 0.180 0.179
BM 0.526 0.235 -0.254 -0.302 -0.328 0.202 0.274 0.173 0.200 0.206

MOM 0.302 0.421 0.280 -0.291 -0.283 0.187 0.239 0.180 0.189 0.188
VOL 0.410 0.324 0.326 0.326 -0.290 0.200 0.187 0.189 0.279 0.190
ACC 0.458 0.178 0.090 -0.253 -0.259 0.210 0.130 0.326 0.174 0.172

CI 0.334 0.822 -0.848 0.060 -0.277 0.196 0.021 0.002 0.310 0.190
LIQ 0.294 -0.248 -0.272 -0.285 -0.264 0.292 0.180 0.188 0.184 0.188

m(ργσg
) s(ργσg

)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.045 0.034 0.065 0.012 0.062 0.325 0.311 0.307 0.324 0.320
BM -0.001 0.020 0.047 0.015 0.100 0.311 0.308 0.325 0.349 0.303

MOM -0.034 -0.040 0.045 0.059 0.026 0.288 0.321 0.304 0.348 0.356
VOL 0.053 -0.036 0.003 0.083 0.038 0.322 0.325 0.319 0.288 0.320
ACC -0.009 -0.105 0.078 0.003 -0.004 0.292 0.302 0.297 0.326 0.306

CI -0.022 0.504 0.327 -0.019 0.050 0.337 0.087 0.025 0.296 0.290
LIQ 0.055 0.088 -0.047 -0.021 0.006 0.317 0.301 0.326 0.300 0.323

m(ρβz) s(ρβz)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.163 0.421 0.410 0.403 0.418 0.310 0.147 0.146 0.139 0.143
BM -0.424 0.033 0.398 0.379 0.397 0.143 0.344 0.133 0.129 0.139

MOM -0.432 -0.115 -0.419 0.412 0.425 0.150 0.350 0.144 0.142 0.143
VOL -0.427 -0.424 -0.424 -0.047 0.397 0.148 0.143 0.143 0.323 0.134
ACC -0.419 -0.428 -0.045 0.418 0.427 0.144 0.147 0.324 0.140 0.141

CI -0.441 0.348 0.458 -0.016 0.416 0.150 0.048 0.026 0.324 0.141
LIQ -0.195 0.419 0.397 0.414 0.422 0.321 0.140 0.133 0.143 0.149

m(ρβσz
) s(ρβσz

)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.184 0.052 0.000 -0.032 -0.065 0.288 0.341 0.327 0.302 0.316
BM -0.282 -0.067 0.046 -0.072 -0.021 0.292 0.313 0.280 0.320 0.302

MOM -0.146 -0.452 -0.063 0.077 0.065 0.329 0.248 0.307 0.279 0.322
VOL -0.225 -0.162 -0.136 -0.029 0.004 0.289 0.295 0.310 0.292 0.315
ACC -0.064 0.139 -0.109 0.041 0.130 0.309 0.328 0.312 0.331 0.303

CI -0.123 -0.806 0.928 -0.038 0.062 0.297 0.027 0.011 0.330 0.308
LIQ -0.294 0.114 0.076 0.019 0.119 0.274 0.327 0.319 0.330 0.338

Note to Table A.1 I report the estimates of the parameters at the individual portfolio level under M0 which
are not reported in the main body of the paper. The parameters include the mean of CF and DR exposures (γ̄
and β̄), the conditional errors in the one-factor models for CF and DR (c and α), the variance of the shocks of
CF and DR exposure (Σγ and Σβ), and the correlations describing the stability of the CF and DR exposures
( ργg , ργσg

), ρβz and ρβσz
.



Table A.2: Estimation of the Parameters at the Individual Portfolio Level under CF Model MCF

m(γ̄) s(γ̄)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.948 0.915 1.158 1.464 1.289 0.027 0.029 0.029 0.028 0.028
BM 0.820 0.737 0.687 0.968 1.471 0.026 0.028 0.028 0.019 0.029

MOM 1.375 0.628 0.968 0.900 0.955 0.027 0.028 0.016 0.029 0.025
VOL 2.484 1.834 1.221 0.828 0.821 0.379 0.139 0.028 0.029 0.027
ACC 0.708 1.341 0.863 0.691 0.606 0.035 0.028 0.029 0.028 0.029

CI 0.910 0.547 1.638 0.947 0.595 0.029 0.028 0.030 0.029 0.028
LIQ 0.813 0.701 1.487 1.356 0.904 0.029 0.029 0.027 0.029 0.029

m(β̄) s(β̄)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 1.028 0.960 0.948 0.946 0.803 0.001 0.002 0.003 0.003 0.003
BM 1.101 0.977 0.900 0.880 0.940 0.002 0.002 0.002 0.002 0.003

MOM 1.075 0.944 0.917 0.961 1.143 0.003 0.002 0.002 0.002 0.003
VOL 1.219 1.308 1.232 1.070 0.899 0.005 0.004 0.003 0.001 0.001
ACC 1.114 0.975 0.937 0.978 1.102 0.003 0.002 0.002 0.002 0.003

CI 1.044 0.999 0.963 1.009 1.076 0.002 0.002 0.002 0.002 0.002
LIQ 1.010 0.912 0.839 0.788 0.688 0.001 0.002 0.003 0.003 0.003

m(c) s(c)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.001 0.004 -0.003 -0.011 -0.010 0.003 0.005 0.006 0.007 0.008
BM 0.003 0.005 0.001 -0.009 -0.022 0.003 0.004 0.002 0.005 0.007

MOM 0.000 0.001 -0.001 0.003 0.013 0.001 0.004 0.002 0.007 0.009
VOL -0.069 -0.008 0.006 0.002 0.000 0.039 0.011 0.011 0.007 0.002
ACC 0.000 -0.002 0.000 0.011 0.013 0.001 0.005 0.002 0.005 0.013

CI 0.002 0.000 0.000 0.003 0.021 0.007 0.003 0.000 0.006 0.009
LIQ 0.000 0.007 -0.017 -0.019 -0.008 0.000 0.005 0.005 0.009 0.013

m(α) s(α)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.000 0.000 0.001 0.002 0.001 0.000 0.005 0.006 0.007 0.006
BM -0.002 -0.001 0.000 0.000 0.001 0.004 0.004 0.005 0.005 0.007

MOM 0.004 0.000 0.000 0.001 0.001 0.007 0.001 0.002 0.006 0.006
VOL 0.008 0.011 0.000 -0.001 0.000 0.016 0.013 0.002 0.003 0.004
ACC 0.001 0.000 0.000 0.000 0.000 0.015 0.001 0.004 0.006 0.006

CI 0.000 0.000 0.001 0.000 0.000 0.002 0.000 0.003 0.005 0.006
LIQ 0.000 0.000 0.005 0.001 0.000 0.001 0.005 0.008 0.007 0.005

m(Σγ)× 1000 s(Σγ)× 1000
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.310 5.696 3.669 5.273 10.609 0.074 0.740 0.445 1.002 1.766
BM 0.968 1.799 2.179 10.478 23.254 0.235 0.163 0.228 1.613 4.905

MOM 46.729 0.705 0.345 28.849 231.590 8.272 0.119 0.070 4.936 42.088
VOL 132.708 19.493 10.423 2.053 2.121 20.740 4.745 1.070 0.397 0.299
ACC 28.923 1.656 1.361 13.157 58.895 6.209 0.154 0.189 1.815 7.100

CI 4.857 0.385 0.601 10.023 45.417 0.972 0.092 0.085 1.878 4.755
LIQ 0.106 7.932 6.415 24.420 68.357 0.033 0.911 1.534 6.126 12.714



m(Σβ)× 1000 s(Σβ)× 1000
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 66.390 22.480 22.257 8.700 28.152 30.737 5.810 10.862 9.039 32.601
BM 133.464 38.761 23.246 5.421 8.023 33.133 4.779 9.035 3.307 8.119

MOM 37.823 485.123 14.303 59.264 63.418 54.076 124.874 6.832 34.165 71.068
VOL 49.440 17.130 436.972 399.058 10.537 42.080 21.109 189.878 88.069 7.577
ACC 4865.922 171.662 161.425 18.090 465.740 3601.202 46.418 44.962 7.118 195.480

CI 1756.372 786.320 643.178 59.334 79.946 813.054 250.794 110.855 36.388 26.598
LIQ 81.784 9.728 5.401 12.232 82.300 29.228 3.014 6.806 8.313 48.985

m(ργg) s(ργg)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.089 0.007 -0.087 -0.061 -0.068 0.368 0.350 0.401 0.398 0.414
BM -0.001 0.099 0.015 0.036 -0.188 0.400 0.357 0.380 0.397 0.408

MOM -0.142 0.025 -0.059 0.024 0.184 0.409 0.414 0.412 0.368 0.397
VOL 0.071 0.098 -0.097 -0.034 0.166 0.387 0.390 0.338 0.354 0.385
ACC 0.162 0.106 -0.051 0.186 0.101 0.333 0.373 0.394 0.359 0.349

CI 0.138 -0.145 0.305 0.093 0.256 0.382 0.359 0.327 0.367 0.343
LIQ -0.049 0.157 -0.191 -0.076 0.030 0.369 0.390 0.395 0.414 0.434

m(ργσg
) s(ργσg

)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.128 0.229 0.246 0.180 0.285 0.215 0.364 0.338 0.389 0.364
BM -0.377 0.220 0.064 -0.049 0.275 0.221 0.316 0.333 0.428 0.465

MOM 0.117 0.001 -0.072 -0.140 -0.090 0.322 0.175 0.300 0.335 0.328
VOL -0.170 0.087 -0.022 -0.137 -0.192 0.444 0.392 0.257 0.231 0.352
ACC -0.216 0.265 0.105 -0.042 0.050 0.296 0.198 0.240 0.357 0.306

CI -0.115 0.046 0.480 0.108 -0.104 0.165 0.141 0.134 0.351 0.381
LIQ -0.117 -0.021 0.205 0.011 -0.088 0.203 0.400 0.376 0.442 0.416

m(ρβz) s(ρβz)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.128 0.229 0.246 0.180 0.285 0.215 0.364 0.338 0.389 0.364
BM -0.377 0.220 0.064 -0.049 0.275 0.221 0.316 0.333 0.428 0.465

MOM 0.117 0.001 -0.072 -0.140 -0.090 0.322 0.175 0.300 0.335 0.328
VOL -0.170 0.087 -0.022 -0.137 -0.192 0.444 0.392 0.257 0.231 0.352
ACC -0.216 0.265 0.105 -0.042 0.050 0.296 0.198 0.240 0.357 0.306

CI -0.115 0.046 0.480 0.108 -0.104 0.165 0.141 0.134 0.351 0.381
LIQ -0.117 -0.021 0.205 0.011 -0.088 0.203 0.400 0.376 0.442 0.416

m(ρβσz ) s(ρβσz )
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.128 0.229 0.246 0.180 0.285 0.215 0.364 0.338 0.389 0.364
BM -0.377 0.220 0.064 -0.049 0.275 0.221 0.316 0.333 0.428 0.465

MOM 0.117 0.001 -0.072 -0.140 -0.090 0.322 0.175 0.300 0.335 0.328
VOL -0.170 0.087 -0.022 -0.137 -0.192 0.444 0.392 0.257 0.231 0.352
ACC -0.216 0.265 0.105 -0.042 0.050 0.296 0.198 0.240 0.357 0.306

CI -0.115 0.046 0.480 0.108 -0.104 0.165 0.141 0.134 0.351 0.381
LIQ -0.117 -0.021 0.205 0.011 -0.088 0.203 0.400 0.376 0.442 0.416

Note to Table A.2 I report the estimates of the parameters at the individual portfolio level under MCF which
are not reported in the main body of the paper. The parameters include the mean of CF and DR exposures (γ̄
and β̄), the conditional errors in the one-factor models for CF and DR (c and α), the variance of the shocks of
CF and DR exposure (Σγ and Σβ), and the correlations describing the stability of the CF and DR exposures
( ργg , ργσg

), ρβz and ρβσz
.



Table A.3: Estimation of the Parameters at the Individual Portfolio Level under DR Model MDR

m(γ̄) s(γ̄)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.965 0.900 1.141 1.456 1.248 0.023 0.028 0.027 0.028 0.017
BM 0.852 0.745 0.705 0.967 1.474 0.000 0.024 0.025 0.019 0.028

MOM 1.345 0.667 0.969 0.900 0.959 0.008 0.012 0.016 0.028 0.025
VOL 2.533 1.817 1.226 0.861 0.833 0.406 0.132 0.026 0.012 0.025
ACC 0.755 1.333 0.879 0.687 0.608 0.000 0.027 0.024 0.028 0.029

CI 0.918 0.591 1.600 0.946 0.596 0.026 0.000 0.000 0.028 0.028
LIQ 0.856 0.705 1.486 1.321 0.867 0.000 0.029 0.027 0.021 0.025

m(β̄) s(β̄)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.954 1.024 1.049 1.028 0.990 0.088 0.091 0.116 0.124 0.235
BM 1.101 0.976 0.900 0.880 0.940 0.001 0.002 0.002 0.002 0.003

MOM 1.220 0.943 0.917 0.961 1.143 0.118 0.002 0.002 0.002 0.002
VOL 1.273 1.341 1.232 1.070 0.898 0.111 0.065 0.003 0.001 0.001
ACC 1.113 0.975 0.936 0.978 1.101 0.002 0.002 0.002 0.002 0.003

CI 1.044 0.997 0.964 1.004 1.076 0.002 0.002 0.001 0.005 0.002
LIQ 1.000 0.912 0.918 0.962 0.944 0.000 0.002 0.081 0.164 0.253

m(c) s(c)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.002 0.010 0.006 -0.004 0.006 0.002 0.003 0.004 0.005 0.007
BM 0.007 0.008 0.003 -0.004 -0.019 0.000 0.002 0.001 0.004 0.006

MOM -0.001 0.005 -0.001 0.007 0.018 0.001 0.001 0.002 0.003 0.005
VOL -0.070 -0.012 0.009 0.011 0.001 0.038 0.009 0.005 0.001 0.001
ACC 0.002 -0.005 0.002 0.013 0.024 0.000 0.003 0.001 0.004 0.005

CI 0.009 0.005 0.000 0.006 0.026 0.002 0.000 0.000 0.003 0.004
LIQ 0.000 0.010 -0.014 -0.005 0.012 0.000 0.004 0.004 0.006 0.010

m(α) s(α)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.000 0.000 0.000 0.001 0.002 0.000 0.003 0.003 0.004 0.005
BM -0.009 -0.002 -0.002 0.000 0.001 0.000 0.004 0.004 0.004 0.007

MOM 0.004 -0.001 0.000 0.000 0.001 0.005 0.001 0.002 0.003 0.004
VOL 0.018 0.011 -0.001 -0.002 -0.001 0.027 0.011 0.002 0.002 0.003
ACC -0.019 0.000 -0.001 0.000 0.001 0.005 0.001 0.003 0.004 0.005

CI 0.000 -0.001 0.006 0.000 0.001 0.002 0.000 0.000 0.003 0.005
LIQ -0.002 0.000 0.001 0.001 0.000 0.000 0.004 0.005 0.004 0.004

m(Σγ)× 1000 s(Σγ)× 1000
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.321 6.406 4.103 5.788 10.259 0.097 1.931 1.247 1.808 3.368
BM 0.550 2.068 2.353 10.654 24.355 0.173 0.630 0.780 2.397 5.760

MOM 50.253 0.622 0.383 29.677 262.321 11.009 0.196 0.103 7.698 53.657
VOL 45.829 20.831 10.545 2.151 2.455 17.359 5.598 2.483 0.660 0.769
ACC 25.567 1.913 1.522 14.159 62.044 6.320 0.552 0.451 4.465 14.911

CI 4.757 0.195 0.171 10.878 46.593 1.266 0.000 0.000 3.073 12.348
LIQ 0.045 8.033 7.286 25.704 64.135 0.001 2.079 2.005 5.075 13.467



m(Σβ)× 1000 s(Σβ)× 1000
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.156 0.903 1.860 4.037 5.318 0.013 0.111 0.321 0.820 1.179
BM 0.477 0.580 0.773 2.267 5.674 0.116 0.071 0.132 0.428 1.387

MOM 10.621 3.450 2.408 2.298 7.415 2.674 0.490 0.336 0.436 1.331
VOL 18.329 7.429 2.956 0.649 0.404 5.498 1.782 0.565 0.088 0.053
ACC 4.308 0.992 1.229 1.635 1.681 0.872 0.101 0.160 0.227 0.223

CI 0.981 0.690 0.592 0.606 1.175 0.083 0.110 0.056 0.054 0.143
LIQ 0.364 0.994 1.866 3.592 4.429 0.021 0.149 0.369 1.041 1.335

’

m(ργg) s(ργg)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.122 -0.265 -0.308 -0.293 -0.274 0.311 0.180 0.193 0.189 0.182
BM 0.918 0.245 -0.243 -0.275 -0.277 0.029 0.282 0.173 0.186 0.187

MOM 0.273 0.535 0.286 -0.273 -0.245 0.175 0.197 0.176 0.192 0.180
VOL 0.384 0.322 0.320 0.437 -0.261 0.197 0.189 0.186 0.222 0.178
ACC 0.398 0.161 0.185 -0.259 -0.224 0.209 0.122 0.308 0.182 0.165

CI 0.415 0.828 -0.849 0.053 -0.240 0.207 0.020 0.001 0.304 0.166
LIQ 0.806 -0.260 -0.304 -0.257 -0.236 0.034 0.185 0.187 0.177 0.169

m(ργσg
) s(ργσg

)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE 0.122 -0.265 -0.308 -0.293 -0.274 0.311 0.180 0.193 0.189 0.182
BM 0.918 0.245 -0.243 -0.275 -0.277 0.029 0.282 0.173 0.186 0.187

MOM 0.273 0.535 0.286 -0.273 -0.245 0.175 0.197 0.176 0.192 0.180
VOL 0.384 0.322 0.320 0.437 -0.261 0.197 0.189 0.186 0.222 0.178
ACC 0.398 0.161 0.185 -0.259 -0.224 0.209 0.122 0.308 0.182 0.165

CI 0.415 0.828 -0.849 0.053 -0.240 0.207 0.020 0.001 0.304 0.166
LIQ 0.806 -0.260 -0.304 -0.257 -0.236 0.034 0.185 0.187 0.177 0.169

m(ρβz) s(ρβz)
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.077 0.406 0.413 0.418 0.403 0.321 0.137 0.138 0.145 0.141
BM -0.445 0.070 0.400 0.390 0.398 0.130 0.356 0.136 0.130 0.134

MOM -0.399 -0.175 -0.419 0.433 0.420 0.133 0.304 0.145 0.143 0.144
VOL -0.438 -0.438 -0.427 -0.096 0.410 0.150 0.151 0.147 0.321 0.137
ACC -0.393 -0.398 -0.007 0.417 0.414 0.130 0.136 0.316 0.139 0.142

CI -0.409 -0.628 0.493 -0.068 0.408 0.141 0.083 0.014 0.335 0.143
LIQ -0.737 0.412 0.412 0.423 0.418 0.040 0.134 0.143 0.148 0.141

m(ρβσz ) s(ρβσz )
Low Return 2 3 4 High Return Low Return 2 3 4 High Return

SIZE -0.110 0.102 -0.024 -0.035 0.065 0.293 0.291 0.308 0.294 0.333
BM -0.608 -0.026 0.058 0.037 -0.125 0.088 0.313 0.312 0.291 0.291

MOM -0.085 -0.504 -0.127 0.053 0.043 0.305 0.248 0.283 0.290 0.335
VOL -0.221 -0.163 -0.130 -0.159 0.026 0.296 0.319 0.297 0.325 0.321
ACC -0.145 0.102 -0.125 0.066 0.048 0.306 0.305 0.309 0.290 0.323

CI -0.102 -0.902 0.905 -0.026 0.033 0.300 0.037 0.013 0.353 0.307
LIQ -0.940 0.056 0.008 0.043 0.117 0.021 0.271 0.336 0.300 0.289

Note to Table A.3 I report the estimates of the parameters at the individual portfolio level under MDR which
are not reported in the main body of the paper. The parameters include the mean of CF and DR exposures (γ̄
and β̄), the conditional errors in the one-factor models for CF and DR (c and α), the variance of the shocks of
CF and DR exposure (Σγ and Σβ), and the correlations describing the stability of the CF and DR exposures
( ργg , ργσg

), ρβz and ρβσz
.



Figure A.1: Validation of Log-linearizations
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The figure shows the scatter plot of the real log of price-dividend ratio (lnpd) as simulated by

lnpdMt = log

∞∑
n=1

exp(aMn + bMn X
M
t )

, with the approximated lnpd calculated with the log-linearization

lnpdMt = AM +BM ′Xt

in a simulation with T = 1000. The parametric specification of the simulation is documented in Appendix I.C .1



Figure A.2: Stochastic Volatility of Dividends and Excess Returns
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The plots show the filtered series of stochastic volatility in dividend growths and excess returns under two models
with different specifications of risks. The upper two panels shows the stochastic volatility (σMg,t)

2 in dividend growth,
while the lower two panels report the stochastic volatility (σMz,t)

2in excess returns. The left two panels reflect
estimations in the unconstrained market M0, and the right panel represent the CF risk model MCF .



Figure A.3: Cash Flow Exposure γ
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The plots show the filtered series of γ, the exposure to the aggregate CF factor. The left panels are for the test
portfolios BM1 and BM5, which stand for growth and value firms, while the right panels are for the test portfolios
MOM1 and MOM5 which are the past losers and past winners portfolio in momentum sorting. The upper two
panels are estimates from the unconstrained model M0, the middle two are from model with CF risk MCF and the
lower two are from model with DR risk MDR.



Figure A.4: Discount Rate Exposure β
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The plots show the filtered series of β, the exposure to the aggregate DR factor. The left panels are for the test
portfolios BM1 and BM5, which stand for growth and value firms, while the right panels are for the test portfolios
MOM1 and MOM5 which are the past losers and past winners portfolio in momentum sorting. The upper two
panels are estimates from the unconstrained model M0, the middle two are from model with CF risk MCF and the
lower two are from model with DR risk MDR.


